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Among the diverse applications of carbon nanotubes (CNTs), there are plenty 
of multiphase systems (i.e. systems of more than two components), such as CNT-
polymer multiphase composites and CNT based nanofluids. Although some 
experimental studies have been conducted to study the thermal transport properties 
of CNT multiphase systems, few computational studies (finite element analysis, 
molecular dynamics) have been attempted in this field. In view of this, we 
conducted new computational studies of the thermal transport properties of CNT 
multiphase systems, and these studies are described in this dissertation. A 
mesoscopic model was first developed using the off-lattice Monte Carlo (MC) 
method. The model represented a typical CNT three-phase application system. 
Thermal energy was quantified through a large quantity of discrete thermal walkers 
with random movement in CNTs and Brownian motion in other mediums. Thermal 
boundary resistances (TBRs) were introduced through phonon transmission 
probabilities across interfaces. The developed model was validated to be applicable 
to model systems with complex morphology and heat sources with various 
geometries.   
The model was first modified to investigate the thermal transport phenomena 
and limitations in the three-phase polymer composites containing CNTs and 
inorganic nanoparticles. By taking into account the nanofiller-polymer TBRs 
(0.116-1.425×10-8 m2K/W) and the nanofiller morphology and orientation, the 
                                                          




modified model could predict the thermal conductivities (Keff) of three-phase 
composites more accurately than the existing models, such as effective medium 
theories (EMTs), finite element analysis (FEA) and molecular dynamics 
simulations (MD). The effects of the TBRs at the nanofiller-polymer interfaces, and 
the concentration, morphology and orientation of the CNTs on the Keff of the 
composites were quantitatively investigated. The results showed that the Keff of 
composites increased when the CNT concentration increased and the nanofiller-
polymer TBRs decreased. Higher Keff of the composites could be obtained by using 
CNTs parallel to the heat flux and CNTs with larger aspect ratios and smaller 
diameters. The CNT bundles had detrimental effects on the enhancement of the Keff 
of composites due to the induced non-uniform distribution of CNTs and the TBRs 
at the CNT contacts.  
The model was then modified to study the thermal transport properties of 
graphene-polymer composites. The modified model predicted the Keff of the 
graphene-polymer composites more accurately than previous models by 
considering the size distribution of the graphene nanosheets. The TBR between 
graphene and polymer was estimated to be 1.906×10-8 m2K/W, a figure arrived at 
by matching the simulated and measured Keff of the composites. These results 
indicated that the model is also applicable to two-phase systems.  
Finally, the model was modified to predict the temperature-increase rates of 
biological systems during cancer photothermal therapy using CNTs and laser. It 
was found that higher heating efficiency could be achieved using the CNTs with 
orientations perpendicular to the laser, with higher concentrations and with smaller 
 VII 
 
diameters. The temperature of the cancer cell could be made higher than that of the 
healthy tissue by modifying the TBRs around the CNTs through either covalent or 
non-covalent functionalization.   
 VIII 
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Chapter 1: Introduction 
Owing to their excellent mechanical, electrical, and thermal properties, carbon 
nanotubes (CNTs) have attracted enormous interest from the fields of material 
science [1], biomedicine [2], energy storage [3, 4] and other diverse fields [5-7]. 
For instance, CNTs are  applied as stabilizers in Pickering emulsions [8, 9], in 
which they are attached and distributed on the surfaces of droplets, functioning as 
an interfacial barrier to hinder the droplet coalescence [10]. In material science, 
multiphase polymer composites containing CNTs and other fillers have attracted 
considerable attention in recent years [11-14].  
In biomedicine, CNTs have been used as local heating agents in cancer 
hyperthermia and tumor ablation due to their strong optical absorbance of near-
infrared radiation (NIR: wavelength from 700 to 1,100 nm), while healthy tissue is 
highly transparent to NIR [15]. After being functionalized with proper anti-drugs 
or DNA, CNTs can selectively attach to cancer cells. Following NIR, only those 
cancer cells with CNTs inside can be destroyed by laser heat, which achieves the 
selective cancer cell destruction [16, 17].  
In all the above CNTs application systems, there are more than two components 
(i.e. they are multiphase systems). The transfer of heat in CNT two-phase systems, 
such as CNT-based nanofluids and CNT-polymer composites, has been studied via 
both experiments and simulations [18, 19]. Some experiments have been carried 
out to investigate the thermal transport properties of CNT multiphase systems [13, 
14]; however, few computational studies have been conducted in this field. CNT 




to the interactions between any pair of components. The existing models, such as 
EMTs, FEA and MD simulations, cannot take into account all the factors 
influencing heat transfer in CNT multiphase systems. Appropriate computational 
approaches are thus required to overcome the limitations of the existing models and 
to comprehensively study the heat transfer in CNT multiphase systems. In the 
following sections, the background of this study is introduced, including the 
structures and properties of CNTs, the thermal boundary resistances, the typical 
applications of CNTs, and the computational studies of CNT application systems.   
 
1.1 Structures and properties of carbon nanotubes 
Since their initial discovery by Iijima in 1991 [20], CNTs have attracted 
tremendous attention from most fields of engineering and science. In general, there 
are three types of CNTs: single-walled CNTs (SWNTs), double-walled CNTs 
(DWNT), and multi-walled CNTs (MWNTs). A SWNT can be viewed as a hollow 
cylinder obtained by rolling a single layer of graphite sheet along a chiral vector 
C= na1+ma2, in which a1 and a2 are graphite lattice vectors, as shown in Figure 1.1. 
Thus the SWNT can be characterized by the vector (n, m). The diameter of the 
SWNT, denoted as (n, m), can be obtained by [21]: 
 /)( 22 mnmnaD                                       (1.1) 





Figure 1.1 A SWNT is characterized by a vector C = na1 + ma2, where a1 and a2 are 
graphite lattice vectors. Reproduced with permission from Ref. [21].  
 
SWNTs can be divided into three chirality types by the different vectors (n, m): 
armchair nanotube (m, m), zigzag nanotube (n, 0) and chiral nanotube (n, m). 
Different vectors (n, m) can be viewed as rolling up graphene sheets along different 
directions, as shown in Figure 1.2. Perfect MWNTs without defects and bends can 
be viewed as a group of coaxial SWNTs with different diameters. The chirality of 
these coaxial SWNTs can be either the same or different. A MWNT formed by two 
coaxial SWNTs can also be called DWNT. SWNTs have diameters of about 1 nm 
and lengths of up to 1 cm [22]. MWNTs (including DWNTs) can have diameters 





Figure 1.2 By rolling a layer of graphite sheet in different directions, SWNTs can 
be divided into armchair nanotubes (m, m), zigzag nanotubes (n, 0), and chiral 
nanotubes (n, m), where n>m>0. Reproduced with permission from Ref. [21].  
 
Due to the strong covalent sp2 bonds formed between carbon atoms, CNTs have 
unusual mechanical, electrical, optical, and thermal properties. CNTs can have 
tensile strengths of up to ~100 GPa [23] and Young’s modulus of ~1 TPa [24], 
which are much higher than those of stainless steel (~1 GPa for tensile strength and 
~0.2 TPa for Young’s modulus) [25]. As the electrical properties of SWNTs are 
strongly affected by their structures, SWNTs with different chirality may be 
metallic or semiconducting with a small band gap. Metallic SWNTs can have a 
carrier mobility of up to ~10,000 cm2/(Vs), and can carry an electrical current 
density of up to ~4×109 A/cm2, both of which are three orders of magnitude higher 
than those of typical metal conductors, such as aluminum and copper [26, 27].  
The optical properties of CNTs are determined by the electronic transitions 
within the one-dimensional density of states (DOS). Unlike the continuous DOS of 




energy, but have sharp peaks named Van Hove singularities [28, 29]. 
Semiconducting SWNTs may emit near-infrared light upon photoexcitation, which 
is called photoluminescence [30]. SWNTs have strong absorbance (~0.98– 0.99) of 
light ranging from far-ultraviolet (wavelength of ~200 nm) to far-infrared 
(wavelength of ~200 m) [31], thus they can be viewed as blackbodies. The 
photoluminescence and optical absorbance of CNTs have been investigated for 
imaging, sensing and photothermal therapy [32-34]. CNTs also show excellent 
thermal transport properties: at room temperature, the thermal conductivity of 
SWNTs can reach up to ~3,500 W/m·K [35], and that of MWNTs can be ~3,000 
W/m·K [36]. These values are much higher than that of pure copper, which is one 
of the best metallic heat conductors (K = 400 W/m·K at room temperature) [37].  
Since this dissertation focuses on applications related to the thermal transport 
properties of CNTs, these properties are introduced in the following sections (1.2 
and 1.3). Some typical applications of CNTs related to their thermal transport 
properties are introduced and discussed in Section 1.4.  
 
1.2 Thermal transport properties of carbon nanotubes (CNTs)  
In solid materials, heat is transferred through electrons and phonons generated 
by lattice vibration. The thermal conductivity of a solid material, K, can be 
expressed as [37]: 
          Pe KKK                                        (1.2) 
where Ke  and KP are the electron and phonon contributions to the K, respectively. 




the heat transfer is dominated by lattice vibrations. The phonon thermal 
conductivity is given as [38]: 
  i i
2
iiP d)()()( vCK                            (1.3) 
where i is the phonon polarization branch, including two transverse acoustic 
branches and one longitudinal acoustic branch. Ci, vi, τi, and ω are the heat capacity, 
the group velocity of phonons, the relaxation time of phonons, and the phonon 
frequency at each phonon polarization branch, respectively. In many solids 
including CNTs, the group velocity of phonons, vi, can be approximated by the 
sound velocity [37].  
In a solid, phonons may be scattered by lattice defects, electrons, grain 
boundaries, impurities, interfaces or other phonons [37, 39, 40]. The distance a 
phonon can travel between two scattering events is called the phonon mean free 
path,  , which is given as [37]: 
v                                                          (1.4) 
where v and τ are the group velocity and the relaxation time of phonons, respectively. 
The direct relation between the phonon mean free path and the phonon thermal 




                                                     (1.5) 
where 
PC  is the specific heat capacity. For a solid, when its characteristic length, L, 
is much larger than  , the thermal transport is called diffusive transport; otherwise, 
when L is close to or even smaller than  , the transport is called ballistic transport. 




42]. As the length of CNTs is ~1,000 nm or shorter, the thermal transport in CNTs 
is in the diffusive-ballistic regime and close to the ballistic regime [36, 42].  
Thermal transport in bulk carbon-based materials (e.g. diamond and graphite) 
is dominated by phonon scatterings by boundaries or disorders. In CNTs, thermal 
transport is determined by the strong sp2 lattice bonding without phonon scatterings 
by boundaries or disorders. Therefore, CNTs have extremely high thermal 
conductivity, higher than those of graphite and diamond. Experiments and 
simulations have reported that at room temperature, the thermal conductivity of 
CNTs has a large range: from ~1,100 to ~7,000 W/m·K, and SWNTs have higher 
K than MWNTs [42, 43]. The K of MWNTs decreases as the number of walls in 
the MWNTs increases [44, 45], which indicates that the K of the CNTs increases 
as the diameter of the CNTs decreases [45]. This may be mainly due to the thermal 
boundary resistances and weak coupling between tubes in MWNTs, which may 
affect the thermal transport in the MWNTs.  
 
1.3  Thermal boundary resistance  
Thermal boundary resistance (TBR), also known as Kapitza resistance or 
interfacial thermal resistance, was first discovered by Kapitza in 1941 at the 
interface of copper-liquid helium [46]. TBR is the resistance to heat flow at the 
interface, which can be estimated from the heat transfer equation at the interface 
[47]: 
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drop at the interface, the TBR, and the thermal boundary conductance, respectively.  
 
Figure 1.3 Schematic plot of the acoustic mismatch theory developed by 
Khalanikov et al. [48]. The incident acoustic phonons have three branches: one 
longitudinal and two transverse waves. Reproduced with permission from Ref. [48].  
 
The mechanism of TBR was first explained by Khalanikov et al. [48] in 1952 
using the acoustic mismatch theory (AMT). Heat is carried by acoustic waves 
propagating through an interface with the same law of sound transmission. The 
incident acoustic waves may be reflected back or transmitted into the other medium, 
as shown in Figure 1.3 above. Assuming no phonon scattering at the interface, the 
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where ρ1 and ρ2 are the density of medium 1 and medium 2, respectively. v1 and v2 
are the sound velocity in medium 1 and medium 2, respectively. θ1 and θ2 are the 




two mediums, as shown in Figure 1.3. The average probability of incident phonons 
transmitting from medium 1 into medium 2, 21 avef ,  can then be calculated as [49]: 
   20 2121  sincos

 dffave                                   (1.8) 
The thermal boundary resistance, Rbd, can be approximately estimated from the 









                                            (1.9) 
where 
1P
C  is the specific heat capacity of medium 1, and the other parameters are 
the same as those in Eqs. (1.7) and (1.8). 
In the AMT, it is assumed that no phonon scattering occurs at the interface. 
However, phonons with high frequency may be scattered at the interface and create 
new heat-transport channels [47]. Thus this assumption may result in a slight lower 
phonon transmission probability, and thus a higher Rbd according to Eq. (1.9). 
Swartz et al. [48] replaced this assumption in the AMT with the opposite extreme 
assumption: all phonons are assumed to be diffusely scattered at the interface. This 
developed theory is normally called the diffusive mismatch theory (DMT) [48]. The 
DMT does not take into account the acoustic correlations at the interface, and the 
phonon transmission probability is only determined by the phonon density of states 
(DOS). The DMT can work well to estimate the TBR if the mismatch in the acoustic 
properties of the two mediums (e.g., density and sound velocity) is small or 
negligible. However, it may significantly underestimate the TBR at an interface 
when the mismatch in the acoustic properties of the two mediums is significant [50].  




and phonon DOS may generate larger TBRs. Debye temperatures, at which the 
maximum frequency of phonon is activated, have been used to qualitatively predict 
the TBR at an interface [51]. The larger difference between the Debye temperatures 
of two mediums means that phonons couple at the interface less efficiently, 
inducing a higher TBR [51]. In CNT application systems, the mediums surrounding 
the CNTs normally have much lower Debye temperatures (e.g., ~400 K or lower 
for polymer, ~350 K or lower for water) than those of CNTs (~2,000 K) [52, 53]. 
The significant difference in the Debye temperatures of different mediums indicates 
that TBR may play a significant role in the transfer of heat in CNT application 
systems.  
 
1.4 Applications of carbon nanotubes 
As this dissertation focuses on the thermal transport properties of CNT 
applications, two major applications of CNTs related to their thermal transport 
properties are introduced: (i) CNT-polymer nanocomposites and (ii) cancer 
photothermal therapy using CNTs as local heating agents. The general limitations 
of the two applications are also discussed.  
 
1.4.1 Carbon nanotube-polymer nanocomposites  
CNTs possess ultrahigh thermal conductivity, enabling them to be used as 
nanofillers in polymer matrices for thermal management. Various polymers, such 
as poly(methyl methacrylate) (PMMA) [54], polystyrene (PS) [55], epoxy [56, 57], 
nylon [58], polypropylene (PP) [59] and poly(vinyl alcohol) (PVA) [60], have been 




nanocomposites. The thermal stability and thermal conductivity of the polymer 
matrices can be significantly enhanced by the excellent thermal properties of the 
dispersed CNTs [61]. The thermal properties of the CNT-polymer nanocomposites, 
especially the thermal transport property, are affected by the processing method (e.g. 
solution mixing and melt blending), intrinsic properties of CNTs, dispersions of 
CNTs, interfacial interactions at CNT-polymer interface, and morphology of CNTs 
(e.g. length, diameter and defects) [62].  
Besides the widely studied two-phase CNT-polymer nanocomposites, three-
phase CNT-polymer nanocomposites have also been fabricated and investigated. 
Typical three-phase CNT-polymer nanocomposites include 
CNT/nanoparticle/polymer composites [63, 64], CNT/graphene/polymer 
composites [65, 66], CNT/carbon fiber/polymer composites [67, 68] and CNT-
stabilized polymer blends [69]. The advantages of three-phase CNT-polymer 
nanocomposites over two-phase nanocomposites may include: (i) enhanced 
homogeneity of both fillers without complex pretreatment of CNTs; (ii) advanced 
properties obtained by combining the merits of both fillers and polymer into a 
hybrid system; and (iii) reduced percolation thresholds (the formation of 
connectivity) obtained by adding fillers with various geometries [70].  
In either two-phase or three-phase CNT-polymer nanocomposites, the measured 
thermal conductivity is two orders of magnitude lower than the value predicted by 
the rule of mixture (thermal conductivity is proportional to the volume fraction of 
CNTs) [71, 72]. This significant discrepancy may be ascribed to the following 




weak interactions or bonding at filler-polymer interfaces may induce high TBR to 
inhibit the heat transfer between fillers and polymer [73, 74]; (ii) CNT bundles or 
local agglomerations – CNTs tend to aggregate into bundles or ropes, causing poor 
dispersion of CNTs and contact thermal resistances [62, 75]; (iii) destructed CNT 
structures – the CNT structures may be destructed and the intrinsic properties of 
CNTs may be significantly altered during the processing, which drastically reduces 
the thermal conductivities of the nanocomposites[62, 76].  
Besides the above factors, there are other factors affecting the thermal transport 
properties of CNT-polymer nanocomposites, such as the orientations of CNTs, mass 
concentrations of CNTs, and morphologies (diameter and length) of CNTs. In order 
to consider all the factors and understand the thermal transport mechanisms and 
limitations in CNT-polymer nanocomposites, the appropriate computational 
approaches are required. However, most of the existing computational approaches 
cannot take into account all the above factors due to the simplifications made in the 
models, for example, the effective medium theory assumes the composites with 
mono-dispersed CNTs; the finite element analysis treats the whole system with 
diffusive heat transfer; and the molecular dynamics simulations study the CNTs 
with limited length and quantity. Therefore, one main purpose of this dissertation 
is to develop an effective computational approach to comprehensively investigate 
the thermal transport mechanisms and limitations in three-phase CNT-polymer 
composites.  
  
1.4.2 Cancer photothermal therapy using CNTs and near-infrared radiation 




therapies. During cancer PTT, laser energy is converted into heat to kill cancer cells. 
Compared with traditional cancer therapies, PTT is less invasive and gentler. PTT 
induces cellular death by causing protein denaturation when the temperature is 
above 40 ℃ or conformational changes in RNA and DNA when the temperature is 
higher than 85 ℃ [77]. Traditional cancer PTT may damage the surrounding healthy 
tissue because of the heat diffusion. To overcome this limitation, local heating 
agents are used to achieve the target heat delivery [78]. CNTs are one of the most 
effective heating agents because of their unique optical and thermal properties. 
CNTs have ultrahigh specific surface area (~1300 m2/g [2]), which permits them to 
be sufficiently functionalized with a number of functional groups, such as polymers 
and DNA. Proper functionalization can make CNTs selectively attach to cancer 
cells without attaching to healthy cells [16]. Moreover, CNTs have strong optical 
absorbance of near-infrared radiations (NIR), while biological systems (e.g. human 
tissue) are highly transparent under NIR. Therefore, PTT can achieve the selective 
destruction of cancer cells without affecting the surrounding healthy tissue by 
combining functionalized CNTs and NIR [79].  
Experimental explorations using CNTs and NIR in cancer PTT have been 
widely conducted both in vitro and in vivo. Kam et al. [16] used phospholipids (PLs) 
with polyethylene glycol (PEG) and the folic acid (FA) terminal group (PL-PEG-
FA) to functionalize SWNTs. The PL-PEG-FA SWNTs can selectively attach to 
Hela cancer cells due to the overexpressed folate receptors (FR) of Hela cells. With 
the illumination of 808-nm wavelength NIR at 1.4 W/cm2 for two minutes, apparent 




receptors of IGFIR and HER2, and conducted the cancer PTT in vitro with 808-nm 
NIR at 0.8 W/cm2. With three minutes’ irradiation of NIR, viability was only 
observed for 20% of breast-cancer cells. 
Zhou et al. [81] investigated the effect of FA-SWNTs on mouse tumor cell 
death during PTT in vivo. After 1 W/cm2 laser heating for five minutes, a surface 
temperature elevation to 63 ℃ was measured by injecting 1 mg/kg of FA-SWNT, 
while the temperature only increased to 54 ℃ using the same laser dose without the 
injection of FA-SWNT into the tumor. Moon et al. [82] injected PL-PEG-FA 
SWNTs into mice malignant tumor. With the NIR, the malignant tumors were 
completely destroyed without harmful side effects, except some partial skin 
damage. It was found that most of the injected SWNTs were excreted from the mice 
through the urinary or biliary pathway after about 40 days [82].  
As cancer PTT using CNTs and NIR is a promising cancer treatment, it is 
crucial to understand the photothermal energy conversion and transport in the 
malignant tumor and cancer cells during PTT. However, few studies have focused 
on the quantitative understanding of the heat transfer in PTT using CNTs and NIR. 
The existing computational studies are limited in their examinations of all the 
factors affecting the photothermal energy conversion in biological systems. 
Therefore, the appropriate computational approaches are required to understand the 
photothermal energy conversion and transport during cancer PTT and to predict the 





1.5 Computational models for the thermal transport properties of CNT 
multiphase application systems 
This section provides a comprehensive overview of the existing models for the 
thermal transport properties of nanocomposites (Section 1.5.1) and for cancer 
treatment using nanoparticles (Section 1.5.2). The thermal transport properties of 
composites can be quantified by the effective thermal conductivity (Keff). The Keff 
of CNT-polymer nanocomposites are significantly limited by the TBR at CNT-
polymer interfaces [61, 75]. 
 
1.5.1 Theoretical models for predicting the thermal conductivity of CNT-
polymer composites  
In this subsection, the models for predicting the Keff of both two-phase and 
three-phase composites are reviewed. As TBRs at filler-polymer interfaces are the 
bottleneck for heat transfer in composites [62], the computational approaches for 
estimating TBR are also briefly reviewed. 
The upper and lower bounds of the Keff of composites can be predicted by the 
rule of mixture and the series model, respectively [62]. For the rule of mixture, 
components are assumed to contribute independently to the Keff of composites and 
the contribution is proportional to the volume fraction of each component. For two-
phase composites, the thermal conductivity, effK , is expressed as [62]: 
      )1(mfeff   KKK                                     (1.10) 
where Kf, ϕ, and Km are the thermal conductivity of the filler material, the volume 
fraction of filler, and the thermal conductivity of the matrix material, respectively. 




contact between fillers in a fully percolating network [62]. In the series model, 
fillers are assumed to have no contact with each other and the Keff of a two-phase 





                                             (1.11) 
Most of the measured Keff, as well as the predictions of other models, fall in 
between the predictions of the two models above [62]. Other commonly used 
models to predict the Keff of composites are reviewed and discussed in the following 
subsections.  
 
1.5.1.1 Maxwell model 
The model for predicting the effective transport properties of composites dates 
back to Maxwell [84]. By assuming that the interactions among spherical fillers 
were negligible, Maxwell derived a formula for the Keff of composites, expressed 
as [84]: 















                        (1.12) 
The Maxwell model gives satisfactory predictions of the Keff of composites with 
spherical fillers in a low-volume faction, as well as a uniform dispersion of fillers 
[85]. As noted in Eq. (1.12), the TBR is not taken into account in the Maxwell 
model.  
Since the fillers in the Maxwell model are limited to spherical geometry, Fricke 
extended the Maxwell model to composites with spheroidal fillers (a ≠ b = c, where 




Assuming the spheroidal nanofillers are randomly and homogenously dispersed in 
the matrix, and the composites have isotropic transport properties, the Keff of the 
composite is given as [87]: 










































































































Fricke’s model overcomes the limitation on filler’s geometry in Maxwell model 
[85] and it can be applied to predict the Keff of composites with CNTs or graphene 
nanoribbons. However, the calculations for Fricke’s model are more complicated 
than those for the Maxwell model. Moreover, as in the Maxwell model, TBR is not 
considered in Fricke’s model [85].  
 
1.5.1.2 Effective medium theories 
In order to consider the TBR, Nan et al. [88, 89] generalized a model in the 




randomly oriented ellipsoidal fillers. In a composite with low volume fraction of 
ellipsoidal fillers, fillers are oriented randomly with an angle θ between the local 
filler symmetric axis and the material axis (e.g. z- direction). The orientation effect 
of fillers is expressed as [88]: 
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in which )(  is a distribution function to describe ellipsoidal filler orientation. 
The well-known geometrical factors iiL , which depend on the filler shape, are 
given as [90]: 
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LL             (1.15a) 
        1133 21 LL                                                                                       (1.15b) 
where 13 / aap   is the aspect ratio of the ellipsoidal filler. By including the TBR 
(Rbd) though a poorly thermal conducting layer, the equivalent thermal conductivity 
along the symmetric axis of the ellipsoidal filler ( fiiK ) is expressed as [88]: 
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where Kf and Km are the thermal conductivity of the filler and the matrix, 
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                                         (1.17) 
where αk is the Kapitza radius, expressed as mbdKRak  . Generally, αk is from 0 to 
∞. 0ka corresponds to the perfect interface without a temperature jump. When 
0ka , the temperature jumps across the interface. Considering the orientation of 
fillers, the effective thermal conductivity of the composite with ellipsoidal particles 



























































                                              (1.19) 
where ciiK is the effective thermal conductivity of composites along different 
material axes. ϕ is the volume fraction of fillers. The expressions of effective 
thermal conductivity in Eq. (1.18) can be simplified in some particular cases. In the 
case of spherical fillers, 1p , 313311  LL , and 31cos
2  , Eq. (1.16) 
reduces to [88]:  
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  (1.21) 
For laminate composites with parallel flat plates oriented perpendicular to a 
composite axis (e.g. z- axis), 0p , 011 L , 133 L , and 1cos
2  , and thus Eq. 
(1.18) reduces to: 
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Eq. (1.22) can be applied to predict the graphene-polymer composites [91, 92], 
which have recently attracted much attention [93, 94]. Similarly, in the case of 
randomly oriented ellipsoidal fillers, 31cos2  ; the effK of this isotropic 













                       (1.23) 
where 11 and 11L  can be calculated according to Eq. (1.19) and Eq. (1.15), 
respectively. Eq. (1.23) has been widely applied to predict the effK of CNT-polymer 
composites [72, 89], and it gives satisfactory results for the CNT two-phase 
composites [95, 96].  
Nan’s EMT overcomes the limitations of the Maxwell model and Fricke’s 
model by considering the complex morphology of fillers and the TBR around fillers. 
However, in CNT multiphase composites, such as three-phase polymer composites 
with CNTs and nanoparticles; the effK should be calculated in two separated steps: 




CNT-polymer as the matrix to calculate the effK of the nanoparticle/CNT/polymer 
composite [63, 64]. This separated calculation of effK cannot take into account the 
interactions between different fillers, and thus Nan’s EMT may underestimate the
effK of multiphase composites. Moreover, Nan’s EMT assumes that fillers disperse 
homogeneously without aggregation in the matrix, and treats the geometry 
parameters of fillers (e.g. diameter, length) as single inputs [72]. However, the 
aggregation and local agglomeration of fillers, such as SWNT bundles, are difficult 
to avoid during the composite fabrication [97-102]. Nan’s EMT cannot consider 
the effects of those filler aggregations and agglomerations on the thermal transport 
properties of composites.  
Besides the above theoretical studies, there are also some studies to predict 
effective thermal conductivity of CNT-polymer composites using the finite element 
analysis (FEA) [29, 76, 103-105]. The effect of CNT dispersion, volume fraction, 
and morphology (diameter and length) on the thermal conductivity of composites 
can be quantitatively studied in the FEA. The FEA applies the Fourier’s law to 
describe the heat transfer in the composite, however, which may not accurately 
model the ballistic heat transfer in CNTs [37]. Moreover, most of the FEA studies 
only consider two-component composite systems, and they neglect the TBR at 
CNT-polymer interfaces by assuming the perfect bonding between the CNTs and 
the polymer matrix. This assumption may be not justified since there are always 
interfacial defects around CNTs, such as gaseous products and interfacial voids [62]. 
More recently, Fiamegkou et al. [106] incorporated the CNT-polymer TBR into the 




layer, Fiamegkou’s FEA model cannot take into account the CNT bundles and 
agglomerations. 
  
1.5.1.3 Approaches for thermal boundary resistance estimation  
As noted in Nan’s EMT, TBRs between filler-matrix are required inputs to 
predict the effK of composites. In the polymer composites, the thermal boundary 
resistance (TBR) between nanofillers and the matrix explains the large discrepancy 
between the measured and theoretical thermal conductivity of polymer composites 
[62]. Due to the nano-scale morphology of fillers and the complexity of multiphase 
composites, there is no effective experimental technique to directly measure the 
TBRs between fillers and polymer. Molecular dynamics (MD) simulations provide 
an approach to estimate the TBR (~1.0×10-9–1.0×10-7 m2K/W)) between nano-filler 
and various matrices in molecular scale [107-111]. MD simulations model the 
motions of particles (e.g. atoms, molecules) through Newtonian equations, and 
interactions between particles are described by potential functions. Currently, most 
of the TBR values used in Nan’s EMT are obtained from MD simulations [95].  
Through MD simulations, Huxtable et al. [108] estimated the TBR between a 
(5, 5) SWNT and octane liquid to be 8.33×10-8 m2K/W. By using classical MD 
simulations, Shenogin et al. [109] also predicted the TBR at the SWNT-octane 
interface to be in the range of 4.54–14.70×10-8 m2K/W, and found that the TBR 
decreases with the length of the SWNTs. Similarly, Carlborg et al. [111] calculated 
the TBRs of SWNT-solid argon and SWNT-liquid argon to be 6.25×10-7 m2K/W 
and 4.17×10-7 m2K/W, respectively. Clancy et al. [96] modeled the heat transfer at 




They found identical TBRs (1.09×10-7 m2K/W) at the two interfaces, which 
indicates that the crystallinity of polymer does not affect the TBR [96].  
As SWNTs tend to aggregate into bundles due to van der Waals forces during 
the composite fabrication, the TBR between SWNTs may play a significant role in 
the heat transfer in composites. Through MD simulations, Zhong et al. [112] found 
that the TBRs between SWNTs (0.85–1.15×10-7 m2K/W) were of the same 
magnitude  as those at the SWNT-polymer interface. Xu et al. [113] also reported 
the TBRs between SWNTs (0.1–5.0×10-9 m2K/W) obtained from MD simulations; 
these, however, were one magnitude lower than those at SWNT-polymer interfaces. 
Besides the resistance around the SWNTs, the TBR around the graphene 
nanoribbon also can be estimated by MD simulations [114, 115].  
By calculating the phonon DOS in MD simulations, researchers found that the 
TBRs are ascribed from the weak phonon coupling at the interface [111, 116, 117]. 
To reduce the TBR, both covalent and non-covalent functionalization of nanofillers 
(e.g. CNTs, graphene) can be applied to enhance the phonon coupling at interfaces 
[74, 113, 114, 116, 118]. MD simulations offer an effective approach to investigate 
the thermal transport properties in atomic scale and to estimate the TBR at 
interfaces around various nanofillers.  
However, MD simulations generally require enormous computing power. The 
sizes of the nanoparticles (e.g., CNTs and graphene) in MD simulations are 
normally limited to dozens of nanometers (~10 nm), which are much smaller than 
those of the nanoparticles in the composite samples (graphene sheets: 50–500 nm)  




sizes of the systems and quantity of nanoparticles in MD simulations may prevent 
accurate replication of the experiment samples. Therefore, the effect of the 
geometry (length) and quantity of nanoparticles on the heat transfer in composites 
may be misinterpreted and underestimated.  
Effective medium theory (EMT) developed by Nan et al. [88] is another 
approach to estimate the TBR between the nanofillers and matrices by matching 
the calculated thermal conductivity of composites with the measured value. In 
Nan’s approach, the dimensions (e.g. diameter, length, width or thickness) of the 
nanofillers are fixed as single input values. However, this does not accurately 
replicate the size distribution of nanofillers in the composite samples, for instance, 
graphene nanosheets in the composites have a size range of 50–500 nm [91]. 
Moreover, the effect of nanofiller orientations on the thermal transport properties 
of nanofiller-polymer composites is not taken into account in the EMT. To more 
accurately mimic the nanofiller-polymer composite and estimate the TBRs, new 
computational approaches are required. 
 
1.5.2 Computational models for cancer photothermal therapies using 
nanoparticles 
For cancer treatment using nanoparticles, the existing computational 
approaches are developed in two major directions [119, 120]: (i) calculating the 
temperature increase in macro-scale in cancer photothermal therapy; and (ii) 
exploring the interaction between nanoparticles and cell membrane in micro-scale. 
In this dissertation, models developed in both these types of directions are reviewed, 





1.5.2.1 Macro-scale finite element method 
Cancer photothermal therapy using local heating agents and laser radiation is a 
promising and effective type of cancer therapy, owing to its non-invasiveness and 
gentleness compared with traditional clinical radiotherapy and chemotherapy. 
Selective cancer cell killing and malignant tumor ablation can be achieved with the 
presence of local heating agents. As the laser is used to illuminate the cancer cells 
within nanoparticles, heat is generated in the nanoparticles during the laser 
excitation process, and is subsequently transferred to the surrounding cancer cells 
and biological mediums through conduction. The temperature distribution within 
the cancer cells varies with time, and can be expressed by the Fourier heat transfer 
equation in spherically symmetric coordinates [119]:  






















                                   (1.24) 
where T is the temperature, and ρ, PC , and K are the density, the specific heat, and 
the thermal conductivity of cells, respectively. t is the time, and r is the radial 
distance from the heat source. sQ  is the heat source term.  
The Fourier heat transfer equation can be solved by the explicit finite difference 
method (FDM) or modeled by the finite element method (FEM) [119, 121, 122]. 
Through this approach, temperature distribution in macroscopic space and time can 
be predicted, showing an agreement with experimental measurements [121]. 
However, the macro-scale heat transfer equation only considers a single component, 
and cannot involve multiple components. Due to the large quantity of nanoparticles 




system. The approach also does not consider the effect of the morphology and 
dispersion of nanoparticles. In addition, TBRs between nanoparticles and 
surrounding mediums cannot be taken into account in the Fourier heat transfer 
equation. The TBR around the nanoparticles is significant due to the ultrahigh 
interfacial area of the nanoparticles [62, 123]. Furthermore, the Fourier heat transfer 
equation only describes the temperature distribution in a uniform medium, and 
cannot study the situation when nanoparticles are only located at the interface 
between the cancer cells and the normal tissue (e.g. the normal cells or the 
biological solution).  
1.5.2.2 Micro-scale molecular dynamic simulations  
In order to take into account the morphology of nanoparticles, molecular 
dynamics (MD) simulations were applied to investigate the interaction between 
nanoparticles and cells [120, 124, 125]. Through describing each component by 
individual atoms or molecules, MD simulations can shed light on the mechanism 
of the interaction between nanoparticles and cell membranes [126-137]. The role 
of nanoparticle morphology can also be quantitatively investigated by varying the 
morphology of the nanoparticles [104, 125]. The interface between nanoparticles 
and surrounding mediums can be easily distinguished in MD simulations, and the 
TBR can be quantified [123, 131]. The modeling of the heating of a gold 
nanoparticle in a water pool shows the significant role played by the gold-water 
interface when heat is transferred from the gold nanoparticle to the surrounding 
water [123], which in turn indicates the limitations of performing macroscopic 




different components in atomic scale, multiple components can also be considered 
in MD models. However, the size (e.g. diameter of nanoparticles, length of 
nanotubes) and quantity of the nanoparticles are limited due to the enormous cost 
of computing power in MD simulations [105, 123, 138], which do not replicate the 
practical application systems. Therefore, the effect of the nanoparticle size and 
quantity may be underestimated and misinterpreted [139]. To accurately investigate 
the effect of nanoparticle size and quantity, proper models in a larger scale than that 
of MD simulations are required. 
 
1.5.3 Summary and limitations of previous models  
In CNT-polymer composites, the effK  depends on the thermal properties of the 
polymer matrix and fillers, the morphologies of fillers (e.g. diameter, length), the 
dispersions of fillers (e.g. orientation, aggregation), and the interfacial properties at 
filler-matrix interfaces (TBR), as well as the composition of composites (two-phase, 
multi-phase). Most of the existing models, such as the FEA and Nan’s model, can 
well predict the Keff of two-phase composites with low loading and uniform 
dispersion of nanofillers. However, they fail to take into account all the above 
influencing factors, such as filler-filler interactions in the multiphase composites 
and the aggregations or local agglomerations of fillers in composites, due to the 
simplifications or assumptions inherent in the approaches. Therefore, they cannot 
be used to study the heat transfer in multiphase composites. MD simulations offer 
effective approaches to study the heat transfer at filler-matrix interfaces in atomic 
scale. However, limited by the computing power, the sizes of the MD systems are 




the effect of filler size on the thermal transport properties of composites. It is 
therefore necessary to develop appropriate models to take into account all the 
factors that influence the thermal transport properties of composites.  
 In cancer photothermal therapy using NIR and nanoparticles, the temperature 
profiles of biological systems are affected by the laser intensity, the concentration 
of the nanoparticles, the optical and thermal properties of the nanoparticles, and the 
interfacial properties around the nanoparticles. Macroscopic FEM can estimate the 
temperature distribution in macroscopic space and time, but cannot consider the 
morphology of the nanoparticles and the interfacial heat transfer around the 
nanoparticles. Microscopic MD models can study the interaction between a single 
nanoparticle and the cell membrane, but cannot replicate the nanoparticle size as in 
experiments, and as such the effects of size may be misinterpreted. More developed 
models are therefore required to overcome these limitations of macroscopic FEM 
and microscopic MD models. 
 
1.6 Objective, scope and contribution of this work 
As discussed above, there are limitations in the existing models to investigate 
the thermal transport properties in CNT multi-component application systems. The 
main objective of this work is to overcome the limitations of the previous models 
by developing effective models for the heat transfer in CNT multi-component 
application systems. Through Monte Carlo (MC) method, a computational model 
was first developed with three components to represent most of the CNT three-




thermal transport phenomena and limitations in three-phase polymer composites 
containing CNTs and inorganic nanoparticles; (ii) predict the effK of graphene-
polymer composites and estimate the TBR between the nanofillers and polymer 
matrix; and (iii) calculate the temperature rise in cancer photothermal therapy using 
CNTs and NIR. The models developed for this dissertation were limited to 
mesoscopic scale, as both the existing macroscopic and microscopic models are 
unable to consider all the factors affecting the heat transfer in CNT application 
systems. The main contribution of this thesis may include: (i) developing an 
effective MC model to study the heat transfer in CNT multi-component systems; 
and (ii) the quantitative findings in the typical CNT application systems may help 
researchers to obtain CNT multi-phase composites with high thermal conductivity, 
and to optimize the cancer photothermal therapy using CNTs and NIR.  
 
1.7 Organization  
This dissertation is organized into seven chapters. Chapter 1 is an introduction 
to, among other things, the structures and thermal transport properties of CNTs, 
thermal boundary resistance, typical applications of CNTs and computational 
studies of CNT application systems. Chapter 2 presents the off-lattice Monte Carlo 
methodology. A representative model for a typical CNT three-phase system was 
built, and is described therein. Chapter 3 presents the study of thermal transport 
phenomena in a three-phase polymer composite containing CNTs and inorganic 
nanoparticles. Chapter 4 presents a further follow-up study to Chapter 3, which 




that the approach is also applicable to two-phase systems, a model replicating the 
two-phase graphene-polymer composites was developed, and is described in 
Chapter 5. Chapter 6 presents the quantitative study of the photothermal energy 
conversion and transport in cancer photothermal therapy using CNTs and laser. 




Chapter 2: Off-lattice Monte Carlo Methodology 
Monte Carlo (MC) methods are statistical approaches that rely on repeated 
random sampling to obtain numerical results and solve problems. They were 
invented in the late 1940s by Stanislaw Ulam at the Los Alamos National 
Laboratory. MC methods have found many applications in physical sciences, 
engineering and mathematics. The methodology developed in this dissertation is 
based on MC methods.  
A MC approach based on random walkers has been developed by Duong et al. 
[140] to study the heat transfer in CNT-polymer nanocomposites. This approach 
can more accurately predict the Keff of CNT-polymer composites [141, 142] and 
CNT based nanofluid [143, 144], by taking into account the TBR at CNT-polymer 
interface. Kui et al. modified Duong’s model to investigate the thermal transport 
properties in graphene nanoribbon-polymer composites [145] and CNT-polymer 
composite with high loading of CNTs [75]. The Keff of such composites were 
accurately predicted. However, their approaches were limited to two-component 
systems (CNT-polymer, graphene-polymer, or CNT-liquid). Moreover, the fillers 
in previous models had fixed size and geometry, which cannot replicate the 
experimental samples. To accurately replicate the experimental samples and model 
the heat transfer in CNT multi-component systems, previous approaches need to be 
modified and improved. In this dissertation, the MC models were built based on the 
previous approaches of Duong et al. and Bui et al. Their approaches were modified 
and improved to incorporate multiple components, and fillers with various 




approaches of Duong et al. and Bui et al., as well as the theories, modifications and 
improvements in the current approach, are both presented and discussed.  
 
2.1 Brownian motion algorithm for modelling the heat transfer in three-
phase systems 
A 3-dimensional (3D) model was developed with two different mediums and 
CNTs to represent a typical three-phase CNT application system. CNTs were 
randomly distributed at the interface between the two mediums. As shown in Figure 
2.1, medium 1 (m1) was built as a cube and medium 2 (m2) was built as a sphere 
located at the center of medium 1. Considering the dimension of CNTs and the size 
of CNT application systems [10, 16], the side length of m1 cube was chosen to be 
2 m, and the diameter of m2 sphere was 1 m. The CNTs with a radius of 3 nm 
were considered solid cylinders and randomly distributed over the surface of m2. 
The developed model presented in Figure 2.1 can be a representative volume 
element of a cancer cell in a biological medium or of a CNT-stabilized droplet in a 
Pickering emulsion. For this chapter, a cancer treatment system was chosen as a 
study case. A cancer cell was placed in a cubic tissue box, and the CNTs were 
randomly orientated and distributed on the cancer cell surface, so the property 
parameters of medium 1 were taken from the human tissue and those of medium 2 
were taken from the cancer cell. 




Figure 2.1 Schematic plot of the computational model. The cubic box is medium 1 
(m1) and the sphere in the center is medium 2 (m2). The cylinders distributed on 
the surface of medium 2 are CNTs. Red dots in different mediums are thermal 
walkers and white dots represent the interface where thermal boundary resistance 
may occur. The CNTs are enlarged for easy comprehension. 
 
Various heat sources can be built into the model. In this section, the CNTs were 
treated as heat sources. A heat source was modelled by releasing a large quantity 
of thermal walkers with the same energy from CNTs. Thermal walkers in CNTs 
were assumed to travel randomly in the ballistic phonon transport regime with an 
infinite speed, due to the ultrahigh intrinsic thermal conductivity of CNTs [37]. In 
both m1 and m2, thermal walkers moved in accordance with Brownian motion 
[146]. The Brownian motion can be described by changes in the positions in all 
space directions of thermal walkers in each time step. These changes of position 




σ, that depends on the thermal diffusivity of the medium and can be expressed as 
[146]: 
tD  m2                                               (2.1) 
where ∆t is the time increment, and Dm is either the thermal diffusivity of medium 
1 or the thermal diffusivity of medium 2 (in which a thermal walker is traveling), 
and can be calculated as 







                                           (2.2) 
where K, ρ, and Cp are the thermal conductivity, the density, and the specific heat 
capacity of the medium, respectively. The parameters used in the simulations can 
be found in Table 2.1.  
In order to obtain the temperature distribution of the model, the computational 
box was divided by 200 mesh points on each side (total of 200×200×200 
computational cells). The temperature was calculated from the number of thermal 
walkers in each computational cell [140]. As the initial condition, the model was 
assumed to have the same temperature throughout. The temperature in each cell can 








                                     (2.3) 
where 0T and T are the initial and increased temperature, respectively. N, ε, and V 
are the number of walkers, the energy of one thermal walker, and the volume of the 
grid cell, respectively. ε is calculated as following: i) calculate the energy absorbed 
by this CNT in one time step when it is perpendicular to the laser; ii) divide the 
absorbed energy by the number of random walkers releasing from a CNT, for 
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instance, 10,000 to obtain the value of ε. 
Table 2.1: Thermal properties and parameters used in the simulation 
Human tissue (m1) [147] 
Density (kg/m3) 1325 
Specific heat capacity (J/(Kg·K)) 3750 
Thermal conductivity (W/(m·K)) 0.52 
Sound velocity (m/s) 1603 
Cancer cell (m2) [148] 
Density (kg/m3) 1025 
Specific heat (J/(Kg·K)) 3400 
Thermal conductivity (W/(m·K)) 0.45 
Sound velocity (m/s) 1500 
Carbon Nanotubes 




Specific heat (J/(Kg·K)) [150] 841(at 300K) 
Other simulation parameters 
Computational box size (bins) 200×200×200 
CNT diameter (nm) 6 
Aspect ratio of CNT, L/D 5–80 
Number of thermal walkers released from 
each CNT 
10,000 
Time increment (ns) 0.02 
Thermal equilibrium factor 1fC  0.25 
Thermal equilibrium factor 2fC  0.045 
 
To model the heat transfer in the computational system, the following 
assumptions were made [140, 151]: 
(1) The transfer of thermal energy is passive.  
(2) The interactions between thermal walkers can be ignored. 
(3) CNTs are homogeneously distributed without contacts on the surface of 
medium 2, so the interactions between CNTs are not considered.  
(4) The thermal properties of all mediums (e.g. density, thermal conductivity, 





(5) The TBRs are identical at the same interface for the walkers entering or exiting 
from a medium. For example, the TBR for a thermal walker traveling from 
medium 1 to a CNT is equal to that for a thermal walker traveling from a CNT 
to medium 1.  
(6) The infinite boundary condition (neglecting the thermal walker when it steps 
out of the cube) or periodic boundary conditions may be applied in different 
systems. The whole system has the same initial temperature.  
 
Due to the different movements of thermal walkers in CNTs and other 
mediums, the manner in which the thermal walkers jump across an interface is 
different for thermal walkers in CNTs and those in either medium 1 or 2. Once a 
thermal walker in medium 1 reaches the interface between a CNT and medium 1, 
it either jumps into the CNT with a probability CNTm1f , related to the TBR at the 
interface, or it stays in medium 1 with a probability of 1– CNTm1f . A similar rule 
governs the motion of a walker in medium 1 reaching the interface between medium 
1 and medium 2. The walkers in medium 2 travel similarly to the walkers in medium 
1. Since the walkers in the CNTs have an infinite speed, it is assumed that they may 
reach the interfaces between CNTs and medium 1 or 2 in a single time step. In this 
case, the thermal walkers in the CNTs will travel into medium 1 with a probability 
of 
m1CNT
f , jump into medium 2 with a probability of 
m2CNT
f , or stay in the 





These introduced probabilities were estimated from the acoustic mismatch 
theory, which interprets the TBR by an average probability of phonons transmitting 
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                                       (2.4) 
where m1 , Pm1C , m1v , and bdR  are the density, the specific heat capacity of 
medium 1, the sound velocity in medium 1, and the TBR between the CNTs and 
medium 1, respectively. 
According to assumption (5), at the interface between medium 1 and the CNTs, 
the TBRs are the same when a thermal walker enters or exits from a CNT. However, 
this does not indicate that CNTm1f  equals m1CNTf . In the thermal equilibrium, the 
average walker density (i.e. the number of walkers per CNT volume) in CNTs does 
not change with time in order to keep a constant temperature. This means that 
within each time step, the heat flux exiting from a CNT should equal the heat flux 
entering the CNT. All the thermal walkers inside the CNTs may travel into the 
surrounding medium 1 in a time step, owing to their infinite speed in CNTs. 
However, for the walkers in medium 1, only those around the CNTs’ surfaces may 
jump into the CNTs because of the random Brownian motion in medium 1. 
Therefore, the two probabilities, CNTm1f and m1CNTf  are related as follows [151]: 
CNTm1CNTm1CNTCNT   fACfV f                                (2.5) 
where CNTV  
and ACNT are the volume and surface area of the CNTs, respectively. 
fC is called the thermal equilibrium factor, which depends on the interfacial area 






is similar to that described in Eq. (2.5). At the interface of medium 1-medium 2, it 
is reasonable to assume that 2mm1f  
is equal to 1mm2f , due to the large interfacial 
area and the similarity of the random Brownian motion in medium 1 and medium 
2. 
In this dissertation, all the application systems and the motions of random 
thermal walkers were simulated by programing with Fortran 90/95. The systems 
were built by incorporating different components (nanoparticles, CNTs, cancer 
cells) into the matrix (polymers, healthy tissue). Then a large quantity of thermal 
walkers (40,000) were released from the heat source (either composite surfaces or 
CNTs). The walkers were tracked during their random jumps in the systems. All 
the simulations were conducted on supercomputer clusters in high performance 
computing of National University of Singapore. 
 
2.2 Determination of the thermal equilibrium factors  
To numerically determine the thermal equilibrium factors described in Eq. 
(2.5), a smaller system was built with 10 CNTs and both medium 1 and medium 2. 
The CNTs were kept at the same size as those in the model described in Section 
2.1. A cube of medium 1 was built with a length of 0.5 µm. A sphere of medium 2 
was built with a diameter of 0.13 µm (maintaining the same CNT/medium volume 
ratios as the model in Section 2.1), and was located in the center of the cube. To 
conduct an equilibrium simulation, the smaller computational system was divided 
into 50 grids on each side (50×50×50 computational cells) and one thermal walker 
was released from the center of each cell (instead being released from the CNTs). 
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The thermal walkers followed the same rules of motion as described in Section 2.1. 
A homogeneous initial temperature was utilized as the initial condition, and 
periodic boundary conditions were applied in all space directions.  
Walker densities in the CNTs, medium 1 and medium 2 were calculated and 
recorded every 500 time steps. The simulation was stopped once the walker 
densities no longer changed with time (the thermal equilibrium state). In an 
adiabatic system, the temperature is identical everywhere at the thermal equilibrium 
state according to the second law of thermodynamics [41]. Since the whole system 
had a homogeneous initial temperature, the temperatures in the CNTs, medium 1 




























                         (2.6) 
where Ni, Vi, i , and CPi are the number of thermal walkers, the volume, the density, 
and the specific heat capacity of a medium, respectively. The subscript i designates 
CNTs, medium 1, and medium 2. The average walker densities in CNTs, medium 














                         (2.7) 
The parameters used in the simulations can be found in Table 2.1. According to 
assumption (3) in Section 2.1, the thermal properties of the mediums do not change 
over the modeled temperature range, so the average walker densities in the CNTs, 
medium 1, and medium 2 had a constant ratio in the thermal equilibrium state. The 




were obtained when the ratio of the walker densities calculated in Eq. (2.7) reached 
(
1fC =0.25 and 2fC =0.045).  
 
2.3 Determination of the number of walkers released from a single CNT 
As mentioned in Section 2.1, a large number of thermal walkers were applied 
to model the heat transfer in the developed model. It was necessary to determine 
the appropriate number of thermal walkers to achieve the above goal. In order to 
determine the number of thermal walkers released from a CNT, clusters of thermal 
walkers, with 10,000 to 100,000 (in increments of 10,000) walkers per clusters, 
were used to conduct the simulations; the simulation results were then compared 
with the theoretical results calculated from the mathematical equations derived by 
Carslaw et al. [152]. It was found that the simulation results agreed well with the 
theoretical results for all cases, regardless of the number of thermal walkers. For 
brevity, only the simulation results from the use of 10,000 and 100,000 walkers are 
presented in Figure 2.2, together with the theoretical results for a spherical heat 
source.  




Figure 2.2 Comparison between the simulated (symbols) and theoretical (lines) 
temperature distribution from the spherical source using 10,000 and 100,000 
walkers at 0.2, 0.4 and 1.0 s. t1 is the simulation result using 10,000 walkers, t2 
is the simulation result using 100,000 walkers, and T is the theoretical result.  
 
Mean square errors were also calculated to characterize the agreement between 
the simulation results and theoretical results. As shown in Table 2.2, the larger the 
number of walkers applied, the smaller the mean square errors, indicating better 
agreement with the theoretical values. However, a larger number of walkers 
required a much longer time to run the simulations. Considering the balance 
between time efficiency and simulation accuracy, the number of thermal walkers 
released from a CNT was chosen to be 10,000.   
 
Table 2.2: Mean square errors (MSE) of simulations using 10,000 and 100,000 
walkers. 
Time (us) 10,000 walkers 100,000 walkers 
0.2  0.013799 0.012956 
0.4 0.013494 0.012015 
1 0.017498 0.016828 
 




































2.4 Brownian motion algorithm validation 
In order to validate the Brownian motion algorithm, simulations were 
conducted to model various heat sources in medium 1 (i.e. the instantaneous point 
source, the continuous plane source, and the continuous sphere source). The 
normalized temperature distribution was obtained from the simulations and 
compared with the values calculated from the theoretical equations [152].  
 
2.4.1 Instantaneous point heat source 
An instantaneous point heat source was modeled by releasing thermal walkers 
from the centre of a cube made of medium 1 (human tissue). Since there was only 
one heat source, 90,000 thermal walkers rather than 10,000, were released from the 
heat source in the first time step. The walkers jumped randomly in medium 1, as 
described in Section 2.1. According to the theoretical equation given by Carslaw 
and Jaeger [152], the transient temperature distribution from an instantaneous point 



















                                             (2.8)  
where  ,  , and PC are the thermal diffusivity, density, and specific heat 
capacity of the medium, respectively. 0T , Q , t , and r  are the initial temperature, 
the released energy from the point source, the time, and the distance from the point 
source, respectively. The normalized temperature distribution can be obtained by 
counting the number of walkers everywhere and comparing it with the number of 
walkers at the heat source. At different time points (e.g. 1 s, 2 s, and 5 s), the 
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normalized temperature distribution (t) in the spherical coordinate systems from the 
point source was calculated and compared with the theoretical results (T) obtained 
from Eq. (2.8). The results are shown in Figure 2.3. Since only one component is 
present, TBRs are not considered here, as well as in the following two heat sources 
(Figures 2.4 and 2.5).  
 
Figure 2.3 Comparison between the simulated (symbols) and theoretical (lines) 
temperature distribution from an instantaneous point source at 1, 2 and 5 s.   
 
2.4.2 Continuous plane heat source 
A continuous plane heat source was modeled by releasing thermal walkers 
continuously from one surface of the cubic model made of medium 1. The cube of 
medium 1 had a side length of 2 m. For example, the plane of x=0 was chosen as 
the plane heat source. Thermal walkers were bounced back when they jumped out 
at x=0. At the other side, in the x direction, thermal walkers would be neglected 
when they travelled out of the model (infinite boundary condition). Periodic 
boundary conditions were applied in the other two directions. These can be viewed 
as a constant heat flux coming from the x=0 plane and transferring along the x 

































direction. The transient temperature distribution with time from the plane source 





( , ) ( )
2 2
x x t
q x x x xt




                       (2.9) 
where 'x  is the position of the plane heat source and x  is the distance from the 
plane in the x direction. q is the energy power of the plane heat source. The other 
parameters are as in Eq. (2.8). Similarly, the normalized temperature distribution 
(t) from the plane heat source along the x direction was calculated and compared 
with the theoretical results (T). The comparison results at the time range 0.12–2.4 
s are shown in Figure 2.4.  
 
Figure 2.4 Comparison between the simulated (symbols) and theoretical (lines) 
temperature distribution from the continuous plane heat source at 0.12, 0.24, 0.6, 
1.2 and 2.4 s. Here, grid units are used for brevity, and one grid unit equals 10 nm.  
 
2.4.3 Continuous sphere heat source 
A continuous sphere heat source was simulated by releasing thermal walkers 
continuously from the surface of a sphere in the centre of a cube of medium 1. The 
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sphere had a diameter of 1 µm and the cube had a side length of 2 µm. Infinite 
boundary conditions were applied in all directions. The transient temperature 
distribution was calculated from the number of thermal walkers inside and outside 
the sphere, in a spherical coordinate system from the sphere centre. Theoretically, 
the temperature distribution from the spherical heat source at different times is 
given as [152] 
   
   
2 2
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   (2.10) 
where r’ is the radius of the spherical heat source, and the other symbols are the 
same as those described in Eqs. (2.8) and (2.9). The normalized temperature 
distribution (t) was obtained from the simulations and compared with the theoretical 
values (T) calculated from Eq. (2.10). The comparison results at time points of 0.12, 
0.24, 0.6, 1.2, and 2.4 s are presented in Figure 2.5.  
 
Figure 2.5 Comparison between the simulated (symbols) and theoretical (lines) 
temperature distribution from the continuous plane heat source at 0.12, 0.24, 0.6, 
1.2 and 2.4 s. Here, grid units are used for brevity, and one grid unit equals 10 nm. 
The surface of the sphere is at grid 50 (500 nm radius).  






































As shown in Figures 2.3–2.5, excellent agreements between the simulation 
results and the theoretical values were obtained in the models for different heat 
sources, validating the Brownian motion algorithm. It was noted that for the 
continuous heat sources, the agreements between the simulation results and 
theoretical values were better at shorter times than at longer times. In practical 
cases, the thermal energy tends to diffuse randomly from positions with higher 
temperature to positions with lower temperature. However, it is still possible for 
some energy to be transferred back from the lower temperature positions to those 
with higher temperatures. This means that the thermal walkers are able to jump 
back when they step out of the computational box. In our model, the walkers that 
stepped out of the computational box were neglected due to the applied infinite 
boundary condition. This may explain the difference between the simulation results 
and the theoretical values at the longer times.  
 
2.5 CNT three-phase model validation  
In order to validate the developed CNT three-phase model, simulations were 
conducted by setting CNTs on a sphere as heat sources. 10,000 thermal walkers 
were released continuously from a CNT in each time step. Figure 2.6 shows the 
distribution with time of the walkers released from the CNTs in the first time step. 
As shown in Figure 2.6(a), all the walkers were initially released from the randomly 
distributed CNTs on the surface of medium 2. The walkers then randomly moved 
out from the CNTs to medium 1 or medium 2 (Figure 2.6(b) at time step 1,000 and 
Figure 2.6(c) at time step 10,000). Finally, the walkers released in the first time step 
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could travel everywhere in the computational box (Figure 2.6(d) at time step 
100,000). The walkers released in the following time steps had similar movements 
to those released in the first time step due to the large quantity of thermal walkers 
released from each CNT (10,000 in each time step). 
 
                           (a)                                                             (b) 
 
                           (c)                                                              (d) 
 
Figure 2.6 The distribution of the thermal walkers (black dots) released in the first 
time step at the end of a different time step: (a) time step 1; (b) time step 1000; (c) 
time step 10,000; and (d) time step 100,000. The CNTs are not plotted in the figures 
for brevity.  
 
As CNTs were randomly orientated and distributed on the surface of the sphere, 
it can be reasoned that a large quantity of CNTs with tiny lengths can almost cover 




distributed CNTs can be viewed as a sphere heat source. The temperature 
distribution of these two cases should be similar. Based on this, the CNT three-
phase model was validated by comparing the simulation results with the theoretical 
values of the sphere heat source as described in Eq. (2.10). Figure 2.7 presents the 
validation results of the simulations using different numbers of CNTs (i.e. 400, 800 














































































Figure 2.7 Validation results of CNT three-phase model with different numbers and 
aspect ratios (L/D) of CNTs: (a) 400 CNTs, L/D=20; (b) 800 CNTs, L/D=10; (c) 
1600 CNTs, L/D=5. Here, one grid equals 10 nm and grid 50 is the position of the 
sphere surface.  
 
As shown in Figure 2.7, the simulation results and the theoretical values are all 
in excellent agreements when different numbers and different aspect ratios of CNTs 
are used (smaller aspect ratios of CNTs correspond larger numbers of CNTs). This 
indicates the successful validation of the CNT three-phase model. The simulation 
results obtained using the CNTs with smaller aspect ratios had a better agreement 
with the theoretical values than those using the CNTs with bigger aspect ratios. 
This was because that when keeping the same diameter, the CNTs with smaller 
aspect ratios had smaller lengths. They were more similar to the point heat sources 
than those with longer length, when compared with the large sphere (1,000 nm 
diameter). Moreover, with the same volume fraction, the shorter CNTs had a larger 
quantity, and then had a more uniform distribution on the sphere surface, making 
the model even closer to the case of a spherical heat source. It should be noted that 
TBRs were not included in the above validation simulations. This is because in the 




































theoretical calculations, the medium is homogeneous without any interfaces, so 
there are no TBRs. In order to more closely approach the theoretical case, TBRs 
were reasonably ignored in the validation simulations. 
 
2.6 Constant heat flux model  
2.6.1 Estimation of the effective thermal conductivity of the CNT three-phase 
systems 
The constant heat flux can be modelled by continuously releasing thermal 
walkers from one side of the model (e.g. x=0) instead of releasing them from CNTs, 
representing a heated surface. In the meantime, an equal number of cold walkers 
carrying negative energy are released from the opposite side, representing a cooled 
surface. The trajectories of the cold walkers are considered as the mirror images of 
those of the hot walkers to achieve a high computational efficiency. Thermal 
walkers are bounced back to the computational domain when they jump out in the 
x direction. Periodic boundary conditions are applied in the y and z directions. 
According to Fourier’s law, when reaching the steady state, the temperature profile 
along the constant heat flux direction is a straight line with a slope inversely 
proportional to the thermal conductivity of the systems [41]. The temperature 
profile is obtained by counting the number of hot walkers and subtracting the 
number of cold walkers in each grid cell, as shown in Figure 2.8.  




Figure 2.8 A contour plot of thermal walker distribution in the center x-y plane of 
the CNT three-phase model. The hot thermal walkers are released from the left side 
(x=0) and the cold walkers are released from the opposite side.  
 
In order to estimate the effective thermal conductivity (Keff) of the CNT three-
phase systems, the same heat flux is applied in a reference model of a neat matrix 
without fillers. Under the same heat flux and boundary conditions, the temperature 
profile along the heat flux in the CNT three-phase systems and the neat matrix can 
be related as follows: 








eff"                                        (2.11) 
where Tc and Tm are the temperatures along the heat flux direction in the CNT three-
phase systems and in the neat matrix model, respectively. "q is the applied heat flux. 
Keff is the effective thermal conductivity of the CNT three-phase systems and Km is 
the thermal conductivity of neat matrix, which is easily obtained from the literature. 








KK cmmeff                                           (2.12) 
2.6.2 Estimation of thermal boundary resistance  
The TBRs were quantified through the probabilities of a thermal walker 
jumping across the interfaces, as described in Eq. (2.4). These probabilities were 
input values in the MC simulations. When the measured Keff values of a three-phase 
composite were given, the TBR at the CNT-polymer interface was estimated as 
following: i) keep the TBR at the nanoparticle-polymer interface as constant, so the 
input probability of a thermal walker crossing the nanoparticle-polymer interface is 
fixed; ii) vary the probability of a thermal walker jumping across the CNT-polymer 
interface to match the simulated Keff with the measured Keff; and iii) calculate the 
corresponding TBR value using the probability which makes the simulated Keff 
match the measured Keff. The TBR at the nanoparticle-polymer interface was 





Chapter 3: Thermal Transport Phenomena and Limitations of 
Three-phase Polymer Composites Containing Carbon Nanotubes 
and Inorganic Nanoparticles 
3.1 Introduction 
This chapter describes a 3-dimensional mesoscopic model  that was developed 
to study the thermal transport phenomena and limitations of a three-phase 
composite [63]. The three-phase composite was produced by incorporating single-
walled carbon nanotubes (SWNTs) and tungsten disulfide (WS2) nanoparticles into 
the poly(ether ether ketone) (PEEK) matrix (SWNT/WS2/PEEK) [63]. The model 
was validated by comparing the simulation results with the measured Keff of the 
SWNT/WS2/PEEK composites [63]. The effects of thermal boundary resistances 
(TBRs) at the SWNT-PEEK and the WS2-PEEK interfaces on the effective thermal 
conductivity (Keff) of the composites were quantitatively studied. In addition, the 
effects of the morphology of the SWNTs (e.g. diameter between 2 and 8 nm, and 
aspect ratio in the range of 50–450), and the dispersion pattern of the SWNTs (e.g. 
0.1–0.5wt% of mass fraction and orientations of parallel, random and perpendicular 
to the heat flux) on the Keff of the composites were quantified and investigated. 
 
3.2 Computational model and simulation parameters 
A 0.5/0.5/99.0 composition of SWNT/WS2/PEEK composite was chosen; in the 
composite, the mass fractions of the SWNT, WS2, and PEEK matrix were 0.5wt%, 
0.5wt%, and 99.0wt%, respectively. Based on the morphology and composition of 




nanoparticle with diameter equal to 110 nm was placed in the center of a PEEK 
cube with a side length of 925 nm, as shown in Figure 3.1(a). Due to the lubrication 
properties of WS2, WS2 nanoparticles may disperse well with fewer local 
agglomerations [63]. Because of this, a model with one WS2 nanoparticle was built 
to save computing power. Corresponding to the WS2 nanoparticle, 1585 SWNTs of 
2 nm in diameter and 500 nm in length were randomly distributed and oriented in 
the PEEK matrix without contact with the WS2 nanoparticle. The simulated cube 
was assumed to be a representative volume element (RVE) of the composite, which 
could be repeated to replicate the synthesized composite samples. 
The constant heat flux was applied by releasing 40,000 hot walkers from one 
side of the simulation domain (e.g. x=0), and 40,000 cold walkers with negative 
energy from the opposite side. All the walkers had similar motions in the 
computational domain, as described in Chapter 2. The PEEK matrix, WS2 
nanoparticle, and SWNTs in the present model correspond to medium 1, medium 
2, and the CNTs in the model described in the methodology chapter, respectively. 
All the thermal walkers traveled randomly, starting from the plane of initial release. 
When the steady state was reached, the Keff of SWNT/WS2/PEEK composites could 
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(a)                                                           (b)  
 
                                 (c)                                                          (d) 
 
Figure 3.1 Schematic plot of the computational model: (a) One WS2 nanoparticle 
with diameter of 110 nm was located in the center of a PEEK cube with a side 
length of 925 nm, while 317 SWNTs (2 nm in diameter and 500 nm in length) were 
randomly distributed in the PEEK matrix. The uniform red dot plane was the hot 
surface and the opposite plane with green dots represented the cooled surface. (b) 
Composite with SWNTs orientated parallel to the heat flux; (c) Composite with 
SWNTs perpendicular to the heat flux; (d) Side view of the composite depicted in 
(b) along the heat-flux direction. The mass fractions of the WS2 nanoparticle and 
the SWNTs in all the above models were 0.5wt% and 0.1wt%, respectively.    
 
In Chapter 2, the probabilities for walkers crossing the medium 1-medium 2 
interface from both sides were assumed to be equal, due to the large interfacial area. 



























                              (3.1) 
where 
2m-WS
f  and 
2WS -m
f  are the walker-travelling probabilities from the PEEK 
matrix to the WS2 nanoparticle and the reverse, respectively. m  and 2WS  are  the 
standard deviations of the displacement distributions used to model the Brownian 
motion in the PEEK matrix and in the WS2 nanoparticle, respectively. The radius 
of the WS2 nanoparticle is r , and 
2-WSf
C is the thermal equilibrium factor at the 
PEEK-WS2 nanoparticle interface, which is numerically determined to be 0.285 as 
described in Section 2.2. All the parameters used in the simulation are listed in Table 
3.1. The computational domain was divided by 300 mesh points on each side, 
leading to 300×300×300 computational cells in total. The temperature distribution 
was obtained by counting the number of hot walkers and then subtracting the 
number of cold walkers in each computational cell.  
Four more assumptions were added to the assumptions made in Chapter 2:  
(1) The thermal conductivity of SWNTs (~3500 W/m·K [43]) is much greater than 
those of PEEK (0.23 W/m·K [100]) and WS2 (1.675 W/m·K [129]), and hence 
thermal walkers uniformly distribute once inside the SWNTs. Walkers in the 
WS2 nanoparticle have similar Brownian motions to those in the PEEK matrix, 
but have a different thermal diffusivity (that of  WS2).  
(2) SWNTs are assumed to be mono-dispersed and without contact with the WS2 
nanoparticle, so direct interactions between SWNTs and WS2 are not taken into 
consideration. The likelihood of a WS2-SWNT contact is much lower than the 
likelihood of attaining only WS2-PEEK interfaces, due to the comparatively 
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small surface area of WS2.  
(3) The SWNT-SWNT contact TBR is ignored in the present model, which is 
justified because of the low SWNT concentration.  
(4) The morphology of polymers, such as amorphous and crystalline structures, is 
not taken into account.  
Table 3.1: Material properties and simulation parameters 
 PEEK WS2 SWNT 
Basic thermal property 
Density(kg/m3) [63] 1320 7400 2100 
Specific heat capacity 
(J/Kg·K) [70, 154] 
1136 330 841 
Thermal conductivity 
(W/m·K) [100] 
0.23 1.675 ~3500 
Speed of sound (m/s) [141] 2300 4000  
Geometry 
Computational domain size (nm3) 925×925×925 
WS2 sphere nanoparticle diameter (nm) 110 
SWNT diameter (nm)  2, 4, 6, 8 
SWNT length (nm) 100, 300, 500, 700, 900 
SWNT aspect ratio 50, 150, 250, 350, 450 
WS2 mass fraction (%) 0.5 
SWNT mass fraction (%) 0.1, 0.2, 0.3, 0.4, 0.5 
Number of WS2 nanoparticles 1 
Number of SWNTs 317, 634, 951, 1268, 1585 
Thermal boundary property 
Rbd at the SWNT-PEEK interface, 
SWNT-PEEKR  (10
-8m2K/W) 
0.1158, 1.158, 11.58, 115.8 




0.0232, 0.232, 2.32 
Phonon transmission probability from  
PEEK to SWNT, PEEK-SWNTf  
1.0, 0.1, 0.01, 0.001 
Phonon transmission probability from 
PEEK to WS2, 
2PEEK-WS
f  0.5, 0.05, 0.005 
Thermal equilibrium factors C 
2WS -PEEK
C =0.285, SWNT-PEEKC =0.35 
Simulation Parameters 
Number of computational cells 300×300×300 
Number of thermal walkers 40,000 
Time increment (ps) 3 




3.3 Results and discussion 
3.3.1 Model validations with measured thermal conductivities of 
SWNT/WS2/PEEK composites  
The developed model was validated with the measured Keff of 
SWNT/WS2/PEEK composites with different compositions. The measured Keff of 
three types of SWNT/WS2/PEEK composites (0.1/0.9/99.0, 0.5/0.5/99.0 and 
0.9/0.1/99.0) were 0.35, 0.57, and 0.52 W/m·K, respectively [63]. Here, the 
different compositions of composites were marked with the mass fraction of the 
SWNTs, the WS2 nanoparticles, and the PEEK matrix in the composite. For 
instance, composite 0.1/0.9/99.0 represented a composite with 0.1wt% SWNTs, 
0.9wt% WS2 nanoparticles, and 99.0wt% PEEK matrix. The models for different 
compositions were built by maintaining the same dimensions of the SWNTs (2 nm 
in diameter and 500 nm in length) and WS2 nanoparticle (110 nm in diameter), but 
varying the side length of the PEEK cube based on the WS2 mass fraction. A lower 
mass fraction of WS2 nanoparticles corresponded to a larger PEEK cube.  
In the present model, values of the TBRs at the PEEK-SWNT and PEEK-WS2 
interfaces were required as inputs for the simulation. At the PEEK-WS2 interface 
at room temperature (300 K), the TBR was estimated to be around 2.32×10-9 and 
0.773×10-10 m2K/W according to the acoustic mismatch theory and the diffusion 
mismatch theory, respectively [48, 145]. The much lower TBR at the PEEK-WS2 
interface, compared with that at the PEEK-SWNT interface (i.e. ~10-8 m2W/K 
[117]), can be ascribed to the similar thermophysical properties of the WS2 
nanoparticles and the PEEK matrix (the thermal conductivities of WS2, PEEK, and 
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SWNT are 1.6, 0.23 and ~3500 W/m·K, respectively).  
The simulation results further showed that the TBR at the PEEK-WS2 interface 
did not enhance or impede the Keff of the composites (a detailed discussion can be 
found in Section 3.3.2), while the role of the WS2 was to improve the dispersion of 
SWNTs [63, 64]. According to this finding, for the model validation, the TBR at 
the PEEK-WS2 interface was kept constant (0.116×10-8 m2K/W), and the PEEK-
SWNT TBR was varied to match the calculated effK with the measured effK . The 
PEEK-SWNT TBR was estimated to be 1.425×10-8 m2K/W, and was arrived at by 
varying the phonon transmission probability at the PEEK-SWNT interface until the 
calculated effK matched the measured effK  of the 0.5/0.5/99.0 composite. The TBR 
at the PEEK-SWNT interface obtained in this manner (1.425×10-8 m2K/W) was 
then utilized as input in the simulations for the other two composites (0.1/0.9/99.0 
and 0.9/0.1/99.0) to obtain effK  
and to be compared with the experimental results.  
As presented in Figure 3.2, there was a good agreement between the simulated 
and the measured effK  , validating the developed model. As noted in Figure 3.2, 
there is a comparatively larger difference between the calculated and measured 
effK  for the 0.9/0.1/99.0 composite. In experiments, a higher concentration of 
SWNTs in the 0.9/0.1/99.0 composite induced a lower effK  than in the 0.5/0.5/99.0 
composite [63]. This may be due to the SWNT contacts and the formation of SWNT 
bundles [63]. A higher concentration of SWNTs is more likely to produce SWNT 
contacts and bundles. The contacts and bundles exhibit additional thermal 
resistance and reduced thermal conductivity, thus decreasing the Keff of composites. 




present model, which may explain why the 
effK  obtained from the simulation had 
a higher value than the measured one.  
  
Figure 3.2 Validation of the developed model by comparing the simulation results 
with measured thermal conductivities of composites with different compositions 
0.1/0.9/99.0, 0.5/0.5/99.0, and 0.9/0.1/99.0. Keeping the dimensions of the SWNTs 
(2 nm in diameter and 500 nm in length) and the WS2 nanoparticle (110 nm in 
diameter) constant, the side lengths of the PEEK cube in 0.1/0.9/99.0, 0.5/0.5/99.0, 
and 0.9/0.1/99.0 were 760, 925, and 1580 nm, respectively. The comparisons 
between the developed model and EMAs (MG-EMA and Nan’s model) are also 
presented. The error bars in Figures 3.2–3.6 represent the standard deviations of the 
results obtained from 3 separate simulations with different spatial distribution of 
SWNTs. 
 
In two-phase polymer composites, effective medium theories (EMTs) can 
predict the Keff, showing good agreement with experimental data [89, 155-157]. For 
comparison, two well-known EMTs (i.e. the Maxwell-Garnett (MG) model [89, 
158] and the model developed by Nan et al. [72]) were utilized to calculate the effK
of SWNT/WS2/PEEK composites. In the MG-EMT model, the effK of a composite 
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K                                            (3.2) 
where 
mK  , fK  , and   are the thermal conductivity of the polymer matrix, the 
thermal conductivity of the filler, and the volume fraction of the filler, respectively. 
For nearly spherical particles, the MG-EMT can be simplified to be [89, 158]: 
)31(meff  KK                                              (3.3) 
Nan et al. [72, 95] modified the MG-EMT by taking the TBR and geometry of 
carbon nanotubes into account, resulting in a new expression of the effK  , as 
described in Eq. (1.23). 
Since EMTs were proposed to predict the effK of the two-phase composite, the
effK  of the SWNT/WS2/PEEK composite was calculated in two main steps: (i) 
Calculate the effK of the SWNT/PEEK composite using Eqs. (3.2) and (1.23); (ii) 
Considering the SWNT/PEEEK composite as the matrix, calculate the effK of the 
three-phase composite using Eq. (3.3).  































With Km= 0.23 W/m·K, KSWNT= 2000 W/m·K, d= 2 nm, L= 500 nm, and Rbd= 




obtained. The variation in the predicted values by different models and the 
experimental values was calculated and presented in Table 3.2. As shown in Figure 
3.2 and Table 3.2, the MG-EMT overestimated the effK  of the SWNT/WS2/PEEK 
composites. This could be ascribed to the TBR at the SWNT-PEEK interface, which 
greatly impeded heat transfer at the interface, but was not taken into account in the 
MG-EMT. On the other hand, Nan’s model seemed to underestimate the effK  of 
the SWNT/WS2/PEEK composites with Rbd = 1.00×10-8 m2K/W at the SWNT-
PEEK interface. This underestimation may be caused by the separate calculations 
in Nan’s model, which ignored the synergistic effects of the SWNT and WS2 in the 
three-phase composites [63, 64].  
 
Figure 3.3 Comparisons between the developed model and the results calculated 
with different Rbd (1.00×10-8 m2K/W and 6.55×10-10 m2K/W) in Nan’s model.  
 
In the present model, TBR (Rbd) at the SWNT-PEEK interface was estimated to 
be 1.43×10-8 m2K/W, arrived at by varying the phonon transmission probability 
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In a similar way, in Nan’s model, the Rbd was determined to be 0.655×10-9 m2K/W 
by varying Rbd to match the calculated effK  with the measured value. This value of 
Rbd (0.655×10-9 m2K/W) is much lower than the widely reported TBR at the SWNT-
polymer interface (i.e. ~10-8 m2W/K [117]). Moreover, with this Rbd (0.655×10-9 
m2K/W), the calculated effK   of the other two composites from Nan’s model 
showed larger deviations compared with the results obtained from the present 
model, as shown in Figure 3.3.   
 
3.3.2 Effects of thermal boundary resistances on the Keff of three-phase 
composites  
The TBR at matrix-nanofiller interfaces accounts for the significant discrepancy 
between theoretically expected and experimentally measured thermal conductivity 
in the three-phase composites [64]. The TBR arises from the difference in 
vibrational spectra of the atoms in each component, and possible interface defects 
such as a rigidified polymer layer with finite thickness, interface gaseous products, 
and interfacial voids [62, 109]. The effects of the TBRs at the PEEK-SWNT and 
PEEK-WS2 interfaces on the Keff of three-phase composites were quantitatively 
investigated by varying the average phonon transmission probability. Since the 
TBR in nanoscale typically falls between 1.00×10-9 and 1.00×10-6 m2K/W at room 
temperature [108, 110, 115, 159], the resistance at the SWNT-PEEK ( PEEKSWNTR ) 
interface was varied from 1.158×10-9 to 1.158×10-6 m2K/W, corresponding to a 
transmission probability from 0.001 to 1.000. Similarly, the TBR at the WS2-PEEK 
(
2WS -PEEK




corresponding to a transmission probability between 0.005 and 0.500.  
 
 
Figure 3.4 Effects of thermal boundary resistances at: (a) SWNT-PEEK interface 
(RSWNT-PEEK) and (b) WS2-PEEK interface (
2WS -PEEK
R  ) on the Keff of 
SWNT/WS2/PEEK composites. The 0.5/0.5/99.0 composite was utilized for the 
generation of these figures. In (a), RSWNT-PEEK was varied from 1.158×10-9 to 
1.158×10-6 m2K/W while 
2WS -PEEK
R was kept constant at 0.232×10-8 m2K/W. In (b), 
RSWNT-PEEK was kept at 1.158×10-8 m2K/W as 
2WS -PEEK
R  was modified from  
2.32×10-10 to 2.32×10-8 m2K/W.  
 
As presented in Figure 3.4(a), at different SWNT orientations, the Keff of three-
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phase composites significantly decreased with the rise of PEEKSWNTR [95]. A higher 
PEEKSWNTR  greatly reduced the transfer of heat between the SWNTs and the matrix, 
expressed in the model as a lower probability of thermal walkers travelling in 
SWNTs, thus weakening the enhancement of the Keff. At a high PEEKSWNTR , SWNTs 
in three orientations resulted in similar effK , which were close to PEEKK . This was 
because a high PEEKSWNTR caused heat to transfer mainly through the PEEK matrix, 
rather than through SWNTs. To obtain SWNT/WS2/PEEK composites with high 
Keff, a low PEEKSWNTR   is desired, which may be achieved by proper 
functionalization to bridge the phonon spectra of the SWNTs and PEEK [74, 114, 
160]. 
 The effects of the 
2WS -PEEK
R  on the Keff of SWNT/WS2/PEEK composites are 
presented in Figure 3.4(b). As with the PEEKSWNTR , a higher 2WS -PEEKR  led to a lower
effK . The influence of the SWNT-PEEKR  
on the effK  of SWNT/WS2/PEEK composites 
is much more significant than that of the 
2WS -PEEK
R [63], which may be explained by 
the following reasons: (i) ultrahigh thermal conductivities make SWNTs dominate 
in the heat transfer through composites; (ii) the much larger interfacial area of the 
SWNTs (the interfacial area ratio of SWNTs to WS2 = ~131:1) may make the effect 
of the SWNT-PEEK interface on the effK  stronger than that of the WS2-PEEK 
interface; (iii) the presence of long cylindrical SWNTs at random locations can lead 
to the effect of SWNTs being observed throughout the whole computational domain, 
while the spherical WS2 nanoparticle has a more localized effect. This quantitative 




in which cylindrical particles induced higher enhancement in thermal conductivity 
than the spherical ones. 
 
3.3.3 Effects of SWNT orientations and mass fractions on the Keff of three-
phase composites 
Models with different SWNT orientations relative to the heat-flux direction 
were built to investigate the effect of SWNT orientations on the Keff of 
SWNT/WS2/PEEK composites. As shown in Figure 3.1(a)–(c), SWNTs were 
orientated random, parallel, and perpendicular to the heat flux, respectively. A side 
view along the heat flux of the parallel model in Figure 3.1(b) is presented in Figure 
3.1(d), in which mono-dispersed SWNTs are observed.  
 
Figure 3.5 Effects of SWNT orientations and mass fractions on the Keff of 
SWNT/WS2/PEEK composites. The SWNTs were orientated parallel, random, and 
perpendicular to the heat flux. A constant heat flux was applied along the x-
direction, as shown in Figure 3.1(a). The mass fraction of SWNTs was varied from 
0.1wt% to 0.5wt% by changing the number of SWNTs from 317 to 1585, while the 
mass fraction of the WS2 nanoparticle was kept at 0.5wt%. More results can be 
found in Table 3.3, in which each value was obtained by conducting three separate 
simulations with different spatial distributions of SWNTs.  
 
As presented in Figure 3.5 above, SWNTs orientated parallel to the heat flux 
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induced the highest Keff, compared with the SWNTs orientated random or 
perpendicular to the heat-flux direction. SWNTs orientated along the heat flux 
effectively facilitated heat transfer through the composite, inducing a significant 
enhancement of the Keff, which was consistent with experimental findings [61, 155, 
162]. The Keff of composites with 0.5wt% of SWNTs parallel to the heat flux was 
calculated to be 1.84 W/m·K, which is still much lower than the value of 11.3 
W/m·K estimated from the rule of mixture [163]. This was due to the TBRs at the 
SWNT-PEEK and WS2-PEEK interfaces, which greatly hindered heat transfer 
through the SWNTs and WS2 nanoparticles. In the model with SWNTs 
perpendicular to the heat flux, due to the isolation and low mass fraction of the 
SWNTs (less than 0.5wt%), the SWNTs impeded heat transfer along the heat-flux 
direction, resulting in a Keff even lower than that of neat PEEK. This was consistent 
with the findings of Kang et al. [164] when we applied their mass transfer model to 
heat transfer.   
Since SWNTs dominated the heat transfer in SWNT/WS2/PEEK composites, 
the mass fraction of the SWNTs was modified from 0.1wt% to 0.5wt% to study its 
influence on the Keff. As shown in Figure 3.5, in the composites with SWNTs 
orientated parallel or random to the heat flux, the Keff increased with the rise of 
SWNTs mass fraction [155]. A higher mass fraction of the SWNTs means more 
SWNTs act as thermally conducting channels along the heat-flux direction. This 
allows more heat to be transported through the SWNTs, and therefore induces a 
higher Keff of the composite. However, as mono-dispersed SWNTs were orientated 




due to the SWNTs acting as barriers to the heat flux.  
More simulation results can be found in Table 3.3, for which the orientation 
(parallel, random, and perpendicular to the heat-flux direction) and mass fraction 
of SWNTs (0.1wt%–0.5wt%), as well as the TBR (2.32×10-10–11.58×10-7 m2K/W), 
were quantitatively investigated. As with SWNTs, the higher mass fraction of WS2 
nanoparticles induced higher Keff of the composite. However, this effect was not as 
significant as that of the SWNTs, which may be explained by the previously 
mentioned mechanism in Section 3.3.2. 
 
3.3.4 Effects of SWNT morphology on the Keff of three-phase composites 
The effect of the SWNT aspect ratio on the Keff of three-phase composites was 
investigated by varying the length from 100 to 900 nm (aspect ratio from 50 to 450), 
while keeping a constant diameter of SWNTs (2 nm). As presented in Figure 3.6(a), 
in composites with SWNTs parallel or random to the heat flux, the Keff increased 
significantly with the increasing aspect ratio [62, 165]. Because of the ballistic 
phonon transport mechanism in SWNTs, longer SWNTs transport heat through the 
composite more effectively than short ones, thereby inducing a higher thermal 
conductivity [166]. On the other hand, molecular dynamics simulation results have 
shown that the lower stiffness of longer SWNTs may increase the overlap in the 
vibration spectra of SWNTs and the polymer matrix, leading to a lower TBR at the 
SWNT-polymer interface [74]. A lower TBR can more significantly enhance the 
effective thermal transport properties, as discussed in Section 3.3.2.  




Table 3.3: Summary of simulation results to investigate the effects of the orientation of SWNTs, the mass fraction of SWNTs and the 
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0.1 (317) 3.329 1.589 1.010 0.950 3.352 1.599 1.012 0.938 3.402 1.608 1.031 0.947 
0.3 (951) 10.832 3.312 1.214 0.966 10.699 3.359 1.228 0.965 10.442 3.359 1.218 0.966 
0.5 (1585) 18.833 5.072 1.413 0.984 19.684 5.185 1.403 0.992 18.639 5.125 1.415 0.987 
Random SWNT 
0.1 (317) 2.673 1.445 1.096 1.065 2.664 1.431 1.104 1.059 2.689 1.431 1.100 1.055 
0.3 (951) 8.524 2.624 1.452 1.311 7.863 2.666 1.442 1.310 8.224 2.672 1.436 1.289 
0.5 (1585) 9.041 3.471 1.710 1.541 9.609 3.500 1.718 1.550 9.612 3.472 1.733 1.536 
Perpendicular SWNT 
0.1 (317) 0.938 0.946 0.946 0.944 0.933 0.928 0.928 0.942 0.950 0.934 0.932 0.948 
0.3 (951) 0.942 0.948 0.940 0.942 0.932 0.931 0.946 0.931 0.926 0.934 0.939 0.935 
0.5 (1585) 0.940 0.941 0.938 0.936 0.940 0.946 0.940 0.937 0.957 0.946 0.944 0.935 








Figure 3.6 Effects of the morphology of SWNTs on the Keff of SWNT/WS2/PEEK 
composites: (a) aspect ratio (length/diameter); (b) diameter. The 0.5/0.5/99.0 
composite was used to study the effect of aspect ratio by varying the length of the 
SWNTs from 100 to 900 nm (aspect ratio from 50 to 450) with a constant diameter 
of SWNTs (2 nm). The three compositions utilized in (b) were the same as those 
used in the model validation. The diameter of the SWNTs was varied from 2 to 8 
nm in each composition. In each composition, the Keff decreased as the SWNT 
diameter increased. The TBRs at SWNT-PEEK interfaces were kept constant 
(1.158×10-8 m2K/W) in all the simulations.  
 
The diameter of SWNTs was also quantitatively investigated for its influence 
on the Keff of three-phase composites. As presented in Figure 3.6(b), SWNTs with 
smaller diameters resulted in a higher Keff. This can be attributed to the lager surface 
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area of SWNTs with smaller diameters at the same mass fraction [156, 167]. The 
larger surface area afforded a larger interfacial area for more effective heat transfer 
at the SWNT-PEEK interfaces, and hence resulted in a higher Keff of the composites. 
The diameters utilized here fall into the diameter ranges of SWNTs (2 nm), DWNTs 
(4 nm) [168], and MWNTs (6–8 nm) [169]. It may be inferred from the present 
study that SWNTs are more effective nanofillers to improve the Keff of composites 
than both DWNTs and MWNTs.  
 
3.4 Conclusions 
The effective heat transfer properties of three-phase polymer composites were 
quantitatively studied. The TBRs at the polymer-nanofiller interfaces were 
quantified according to the acoustic mismatch theory. By matching the simulated 
Keff with the measured Keff of the SWNT/WS2/PEEK composites, the TBRs at the 
SWNT-PEEK and WS2-PEEK interfaces were estimated to be 1.425×10-8 and 
0.116×10-8 m2K/W, respectively. High TBRs at both the SWNT-PEEK and WS2-
PEEK interfaces forced heat to mainly transfer inside the PEEK matrix, inducing a 
low Keff of composites. It was also found that the TBR at the SWNT-PEEK interface 
dominated the heat transfer in composites, because of the large SWNT-PEEK 
interfacial area, the ultrahigh thermal conductivity and the long cylindrical 
geometry of SWNTs. 
SWNTs parallel to the applied heat flux resulted in the highest Keff of the 
composite compared with the SWNTs random or perpendicular to the heat flux. 




Keff in the composite could also be achieved by utilizing SWNTs with larger aspect 
ratios and smaller diameters, as well as higher mass fraction.  
The contributions of this work include: (a) providing an effective model to 
study the heat transfer mechanism in three-phase composites and predicting the Keff 
of the composites; (b) suggesting an efficient way to estimate the TBR at the filler-
matrix interface based on the measured Keff of three-phase composites; and (c) 




Chapter 4: Inter-carbon Nanotube Contact and Thermal 
Resistances in Heat Transport of Three-phase Composites 
4.1 Introduction  
Due to the intrinsic van der Waals forces, CNTs dispersed in a polymer matrix 
tend to aggregate into bundles. For heat transfer applications, the bundles limit the 
heat conduction in CNT-polymer composites [62]. The thermal conductivity of an 
aggregated CNT bundle is usually lower than that of an individual CNT within the 
bundle due to the thermal boundary resistance (TBR) between adjacent CNTs [36, 
170, 171]. This TBR may be incurred by the gaps between the adjacent CNTs and 
the weak van der Waals interaction [172], which is much weaker than the strong 
sp2 interaction between carbon atoms in the CNTs for phonon transport [112]. 
Therefore, polymer composites with dispersed CNT bundles inherit lower thermal 
conductivity than expected [173].  
Chapter 3 described an advanced mesoscopic model that was developed to 
investigate the thermal transport phenomena and limitations of three-phase 
poly(ether ether ketone) (PEEK) composites with SWNTs and WS2 nanoparticles 
[153]. The effective thermal conductivity (Keff) of the three-phase composites was 
accurately predicted. However, the model ignored the effects of SWNT bundles 
and SWNT inter-contact [153], which cannot be avoided in the composite 
fabrication procedures [63, 64]. In order to replicate practical three-phase 
composites and predict their Keff more accurately, the assumptions of the previous 
three-phase model are eschewed in this chapter [153]. The effects of the number of 




SWNT TBRs on the Keff of the three-phase composites were comprehensively 
investigated. The simulation results of the work in this chapter and the work in 
Chapter 3 [153, 174] may provide quantitative perspectives of the thermal transport 
mechanisms and limitations of complex systems, including two- and three-phase 
polymer composites, metal composites, nanofluids, and biological systems with 
CNTs [139]. 
The work in this chapter focuses on the effects of the inter-SWNT contact, 
various SWNT orientations, the number of SWNT bundles, and the number of 
individual CNTs per bundle on the Keff of SWNT/WS2/PEEK composites. The 
model developed for this chapter can be applied to double-walled CNTs, multi-
walled CNTs, and even graphene nanosheets [18, 93]. The effects of TBRs between 
the nanofillers (SWNT and WS2) and the PEEK matrix, the nanofiller weight 
fractions and the individual SWNT morphologies were described in Chapter 3 [153]. 
 
4.2 Computational model and simulation parameters 
The SWNT bundles were taken into account for this chapter. The individual 
SWNTs were assumed to be parallel to each other, forming SWNT bundles. The 
SWNT bundles and the unbundled individual SWNTs were then randomly 
distributed in the PEEK matrix, as shown in Figure 4.1(a). Both the bundled 
SWNTs and the individual SWNTs had the same length (500nm) and diameter 
(2nm) [63]. When a thermal walker travels inside a SWNT bundle, it may jump 
among the bundled SWNTs, depending on the TBR at the SWNT-SWNT contact, 
RCNT-CNT. The RCNT-CNT was quantified by the probability of thermal walkers 




jumping among the bundled SWNTs, fCNT-CNT, obtained using the acoustic 
mismatch theory [75].  
 
 
Figure 4.1 Schematic plot of the computational model: (a) A 110 nm-diameter WS2 
nanoparticle was located in the center of a PEEK cube (925 × 925 × 925 nm3). 960 
SWNTs (2 nm in diameter and 500 nm in length) formed 45 bundles with 20 
SWNTs in each bundle and 60 unbundled SWNTs. The uniform red and green dot 
planes were the hot and cooled surfaces, respectively. (b) Composite with 
individual SWNTs and SWNT bundles oriented parallel to the heat-flux direction. 
(c) Composite with individual SWNTs and SWNT bundles perpendicular to the 
heat flux direction. (d) A contour plot of thermal walker distribution along the heat 
flux in the center x-y plane (z = 150 grid) simulation of the three-phase composite 
at the 1,000,000th time step.  
The constant heat flux was applied to determine the Keff of the 
SWNT/WS2/PEEK composites by releasing 40,000 hot walkers from one side of 




(carrying negative energy) from the opposite side, as shown in Figure 4.1. When 
the steady state was reached, the Keff of the SWNT/WS2/PEEK composites with 
SWNT bundles could be determined by the method described in Eqs. (2.11) and 
(2.12). All the parameters used in the simulations are listed in Table 4.1. 
 
Table 4.1: Material properties and simulation parameters 
 PEEK WS2 SWNT 
Physical properties 
Density(kg/m3) [63] 1320 7400 2100 
Specific heat capacity 
(J/Kg·K) [70, 154] 
1136 330 841 
Thermal conductivity 
(W/m·K) [100] 
0.23 1.675 ~3500 
Speed of sound (m/s) 
[141, 145] 
2300 4000 8000 
Geometry 
Computational domain size (nm3) 925 × 925 × 925 
WS2 sphere nanoparticle diameter (nm) 110 
SWNT diameter (nm)  2 
SWNT length (nm) 500 
WS2 mass fraction (%) 0.5 
SWNT mass fraction (%) 0.3 
Number of SWNTs 960 
Interfacial thermal properties 
TBR at the SWNT-PEEK interface, 
CNTmR ×10
-8m2K/W ( CNTmf ) 
1.158 (0.1) 







TBR at the SWNT-SWNT interface, 
CNTCNTR ×10
-8m2K/W 
0.0615, 0.205, 0.615, 2.05, 6.15 
Phonon transmission probability at the 
SWNT-SWNT interface, 
CNTCNTf  
1.0, 0.3, 0.1, 0.03, 0.01 
Thermal equilibrium factors Cf 
2WSf
C =0.285, CNTfC =0.35 
Simulation parameters 
Number of computational cells 300 × 300 × 300 
Number of thermal walkers 40,000 
Time increment (ps) 3 
Number of time steps 1,000,000 
 




One more assumptions were added to the assumptions made in Chapters 2 and 
3 [141]: WS2 nanoparticles were assumed to disperse well with fewer aggregated 
clusters due to their lubrication properties [63, 64]. 
A 0.3/0.5/99.2 SWNT/WS2/PEEK composite, in which the mass fractions of 
the SWNTs, the WS2 nanoparticles, and the PEEK matrix were 0.3%, 0.5%, and 
99.2% respectively, was chosen as the study case [63]. With the fixed morphology 
of SWNTs (2 nm in diameter and 500 nm in length), at this mass fraction, 960 
SWNTs were involved in the construction of the composite [153]. 
 
4.3 Results and discussion 
4.3.1 Effects of the number of SWNT bundles on the Keff of the three-phase 
composites 
Figure 4.2 presents the effect of the number of SWNT bundles (0–48) on the 
Keff of the SWNT/WS2/PEEK composites with different SWNT bundle orientations 
(parallel, perpendicular, and random to the heat-flux direction). The schematic plots 
of the models with SWNT bundles with different orientations are shown in Figure 
4.1(a)–(c). While the number of SWNTs was kept at 960 and each bundle had 20 
individual SWNTs, the extent to which SWNTs were in contact with each other 
varied from no SWNTs in contact (0 bundles) to all SWNTs in contact (48 bundles). 
Compared with the pure PEEK matrix, the Keff of the composites with 48 SWNT 
bundles oriented parallel or random to the heat flux can be enhanced by ~2.3 times 





Figure 4.2 Effects of the number and orientations of SWNT bundles on the Keff of 
the SWNT/WS2/PEEK composites. The TBRs of SWNT-PEEK (1.158 ×10
-8 
m2K/W), WS2-PEEK (0.0116×10
-8 m2K/W), and SWNT-SWNT (0.615×10-8 
m2K/W) were kept constant. Each data point was averaged from 3 different 
simulations with different initial distributions of the individual SWNTs and the 
SWNT bundles. 
  
The Keff decreased as the number of SWNT bundles increased. This may be 
because: (i) more SWNT bundles cause more local SWNT agglomerations and 
reduce the uniform distribution of the individual SWNTs in the PEEK matrix [175]; 
and (ii) the SWNT-SWNT TBRs within the bundles inhibit heat transfer along the 
heat flux direction. When the SWNT bundles were perpendicular to the heat flux, 
the Keff slightly increased, by approximately 40% when the number of SWNT 
bundles increased to 48. This occurred because CNTs are more effective heat 
transfer channels than the PEEK matrix in both radial and axial directions. The 
bundles formed from 20 individual SWNTs had bigger diameters and could allow 
the heat to transfer more easily in the direction of the bundle radius, which is also 
the direction of the heat flux, thus inducing a higher Keff. 
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4.3.2  Effects of the number of individual SWNTs per bundle on the Keff of the 
three-phase composites 
The effect of the number of individual SWNTs in each bundle on the Keff of the 
composites is presented in Figure 4.3. While the total of 960 SWNTs and 36 
bundles were kept constant, the number of individual SWNTs in each bundle was 
varied from 10 to 25, at increment of 5. For composites with the SWNTs oriented 
parallel or random to the heat-flux direction, the Keff decreased as the number of 
individual SWNTs in each bundle increased. With the same number of bundles, 
when more individual SWNTs aggregated in each bundle, the distribution of the 
SWNTs in the composites was non-uniform.  
 
Figure 4.3 Effect of the number of individual SWNTs per bundle on the Keff of the 
SWNT/WS2/PEEK composites with different SWNT orientations. The total of 960 
SWNTs and 36 bundles was kept constant.  
A bundle with more aggregated SWNTs had a larger diameter and a lower 
aspect ratio (length/diameter), which might also decrease the Keff [166]. This 
finding is consistent with previous works [140, 153]. The phonon coupling between 
the SWNTs and the PEEK matrix occurs only via low-frequency vibrations [116]. 





















The lower aspect ratio may enhance the stiffness of the SWNT bundle and weaken 
the low-frequency vibrations in the SWNT bundles. This leads to a larger SWNT-
PEEK TBR [112], and then a reduction of the composite Keff [98]. The number of 
individual SWNTs in each bundle seemed to have no significant effect on the Keff 
of the composites with SWNTs perpendicular to the heat flux. This may be because: 
when SWNTs are perpendicular to the heat flux, individual SWNTs cannot enhance 
the Keff of the composites [153], and only SWNT bundles may slightly improve the 
Keff of the composites. Since the addition of a few SWNTs does not alter the bundle 
diameter much, when the number of SWNT bundles is fixed, the Keff of the 
composites is also expected to remain nearly constant.  
 
4.3.3 Effects of the SWNT-SWNT TBR on the Keff of the three-phase 
composites 
In Figure 4.4, the effect of the SWNT-SWNT TBR on the Keff of the three-phase 
composites is presented. The results for composites with different degrees of 
SWNT aggregation and with random dispersion in them are also presented. 
Composites with randomly oriented SWNTs were chosen for further study as they 
replicate most of the practical SWNT-dispersed composites fabricated in 
experiments. The SWNT-SWNT TBR in the bundles, RCNT-CNT, was varied in the 
range 6.153×10-10–6.153×10-8 m2K/W [18]. The simulation results are summarized 
in Table 4.2. When the number of SWNT bundles was constant, the Keff of the 
composites decreased as the RCNT-CNT increased [18, 142]. A larger RCNT-CNT more 
significantly impeded the heat transfer between bundled SWNTs, inducing a lower 
Keff of the composites.  





Figure 4.4 Effect of the SWNT-SWNT TBR on the Keff of the SWNT/WS2/PEEK 
composites with 12–48 SWNT bundles. The individual SWNT number in each 
bundle was kept at 20. The TBRs at the SWNT-PEEK (1.158×10-8 m2K/W) and 
WS2-PEEK (0.0116×10
-8 m2K/W) interfaces were kept constant. The critical TBR 
(dash line) was estimated to be Rc =0.155×10-8 m2K/W by intersecting the Keff 
curves of different SWNT bundles. 
 
Surprisingly the heat transfer mechanism was dominated by a critical SWNT-
SWNT TBR, Rc, which was estimated to be 0.155×10-8 m2K/W. This value was 
obtained based on the data shown in Figure 4.4, by choosing as the critical point 
the point at which the lines intersected (see the insert figure). When the RCNT-CNT 
was lower than the Rc, more bundles led to a significant increase of the Keff of the 
composite. This can be explained physically: at a very low RCNT-CNT, more contact 
between SWNTs may allow more heat transport between the individual SWNTs in 
a bundle. However, when the RCNT-CNT was larger than the Rc, the Keff of the 
composites with more bundles decreased dramatically because the individual 
SWNTs may dominate the heat transfer. It can be inferred that if the SWNT-SWNT 
can be controlled to be less than Rc, the detrimental effect of SWNT bundles on the 



















































Keff of the composites may be reduced. A large SWNT-SWNT TBR in the bundles 
may arise from the weak van der Waals interactions for phonon coupling and the 
strong phonon-phonon scattering at interfaces [170, 176]. Covalent 
functionalization can be applied to shift the van der Waals interactions into the 
strong sp2/sp3 interactions for phonon coupling [118] and to weaken the phonon-
phonon scattering at interfaces to reduce the SWNT-SWNT TBRs [177]. However, 
the functionalization of SWNTs may decrease the intrinsic thermal conductivity 
[178].  
Table 4.2: Effects of the number of SWNT bundles, the number of individual 





-8 m2K/W) ( CNTCNTf ) 
 0.0615 (1.0) 0.615 (0.1) 6.15 (0.01) 
 Number of individual 
SWNT in each bundle 
Number of individual 
SWNT in each bundle 
Number of individual 
SWNT in each bundle 
No. of 
bundles 
15 20 25 15 20 25 15 20 25 
Bundled and unbundled SWNTs parallel to the heat flux 
12 2.380 2.375 2.328 2.368 2.379 2.248 2.408 2.366 2.279 
24 2.487 2.341 2.093 2.426 2.315 2.101 2.386 2.239 2.157 
36 2.241 2.217 1.914 2.234 2.185 1.921 2.240 2.139 1.955 
Bundled and unbundled SWNTs random to the heat flux 
12 2.395 2.258 2.237 2.119 2.173 1.972 2.106 2.104 1.921 
24 2.399 2.308 2.292 2.143 1.997 1.940 2.067 1.955 1.886 
36 2.619 2.568 2.311 2.021 1.939 1.756 1.921 1.863 1.677 
Bundled and unbundled SWNTs perpendicular to the heat flux 
12 1.062 1.176 1.044 1.040 1.082 1.022 0.990 1.007 0.990 
24 1.136 1.183 1.170 1.062 1.082 1.091 1.008 0.998 1.008 
36 1.128 1.319 1.358 1.081 1.168 1.186 1.008 1.031 1.021 
*The result in each case was averaged from the results of three simulations with 
different spatial distributions of the individual SWNTs and the SWNT bundles. The 
TBRs of the SWNT-PEEK (1.158×10-8 m2K/W) and WS2-PEEK (0.116×10
-9 
m2K/W) were kept constant in all the simulations. 
 






In summary, the effects of SWNT bundle configurations on the Keff of the 
SWNT/WS2/PEEK composites with different SWNT orientations were 
investigated with the developed model. Except for the cases of heat flux 
perpendicular to the SWNTs, the simulation results showed that more SWNT 
bundles and more individual SWNTs in each bundle can reduce the Keff of the 
SWNT/WS2/PEEK composites. The Keff of the SWNT/WS2/PEEK composites also 
decreased when the TBR at the SWNT-SWNT contact increased. A critical SWNT-
SWNT TBR, which may dominate the heat transfer mechanism in the three-phase 
composites, was estimated to be Rc = 0.155×10-8 m2K/W. It can be speculated that 
the Keff of the three-phase composites can be enhanced by proper covalent 
functionalization of the SWNTs. The functionalization of SWNTs can uniformly 
disperse SWNTs in the composites and reduce the TBRs at the SWNT-SWNT and 




Chapter 5: Effective Thermal Conductivity and Thermal 
Boundary Resistance in Graphene Aerogel-Poly (methyl 
methacrylate) Composites 
5.1 Introduction  
Like other carbon nanomaterials such as CNTs [162, 179] and carbon black 
[180, 181], graphene is one of the most effective fillers to be incorporated into the 
polymer matrix to produce polymer composites, due to its excellent mechanical and 
electrical properties. Recent work has reported on the fabrication and property 
enhancement of graphene-polymer composites [182-185]. However, due to the 
irreversible aggregation of graphene in the matrix, the property enhancements (e.g. 
strength, electrical conductivity and thermal conductivity) of these graphene-based 
composites are often limited and far less than expected [185-187]. Recently, 
graphene aerogel (GA)-poly (methyl methacrylate) (PMMA) composites have been 
developed by backfilling PMMA into the pores of the GAs, achieving uniform 
distribution of graphene nanosheets in the polymer matrix [93]. The obtained GA-
PMMA composites exhibit hard surfaces and high electrical/thermal conductivities.  
In Chapters 3 and 4, the developed Monte Carlo model has been validated for 
effectively studying the thermal transport properties of three-phase composites with 
complex morphology. In order to prove the developed methodology is also 
applicable in the two-phase composites, the developed model was modified to 
predict the effective thermal conductivity (Keff) of GA-PMMA composites and 
estimate the TBR at the graphene-PMMA interface; this modified model is 




lengths, widths and thicknesses), quantity (4 volume fractions), and orientations 
(i.e. parallel, random and perpendicular to the heat flux) of the graphene nanosheets 
in the GA-PMMA composites, as well as the TBR at the graphene-PMMA interface. 
The developed model was proved to be an effective approach (i) to predict the Keff 
of graphene-polymer composites with complex morphology, and (ii) to estimate the 
TBR between the graphene nanosheets and the polymer matrix.  
 
5.2  Computational model and simulation parameters 
5.2.1 Monte Carlo Model  
Three-dimensional GA-PMMA models were built to replicate the experimental 
samples of the GA-PMMA composites produced by Fan et al. [93]. As shown in 
Figure 5.1, a PMMA box (1.5×1.0×1.0 m3) was first built, after which the 
graphene nanosheets with various lengths, widths and thicknesses were generated 
and random distributed in the PMMA box. The various lengths (50–500 nm), 
widths (50–500 nm) and thicknesses (2.4–9 nm) of the graphene nanosheets were 
used to achieve an accurate replication of the composite samples. These utilized 
lengths, widths and thicknesses of the graphene nanosheets were consistent with 
the measured values in experiments [188-190].  
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Figure 5.1 Schematic plot of the computational model. 1.34vol% of graphene 
nanosheets were built with various lengths (50–500 nm), widths (50–500 nm) and 
thicknesses (2.4–9 nm) [188-190], and were randomly distributed in a PMMA 
computational domain (1.5×1.0×1.0 m3). The constant heat flux was applied along 
the x- direction of the computational domain.  
 
The constant heat flux was applied through the simulation domain by releasing 
40,000 hot walkers from the surface of x=0, and 40,000 cold walkers from the 
opposite surface. The thermal walkers in the PMMA matrix jumped randomly 
following Brownian motion. The motions of the thermal walkers were similar to 
those of the thermal walkers in the PEEK, as described in Chapters 3 and 4. When 
a thermal walker jumped into a graphene nanosheet, it had an infinite speed 
travelling in the nanosheet due to the ballistic heat transport mechanism and 
ultrahigh thermal conductivity of graphene [37]. At the graphene-PMMA interface, 
the TBR (Rbd-GA) was introduced through a phonon transmission probability fm-GA. 
The Rbd-GA and fm-GA were related according to the acoustic mismatch theory, as 
described in Eq. (2.4), with medium 1 being the PMMA and the fillers being the 




Table 5.1: Material properties and simulation parameters 
Physical properties (room temperature) 
 PMMA Graphene 
Density(kg/m3) [93] 1190 2100 
Specific heat capacity (J/(Kg·K)) 
[154, 191] 
1470 700 
Thermal conductivity (W/(m·K)) 
[93, 191] 
0.20 1,000 – 5,000 
Speed of sound (m/s) [141, 145] 2,400 20,000 
Geometry 
Computational domain size (nm3) 1,500×1,000×1,000 
Graphene length (nm) 50–500 
Graphene width (nm) 50–500 
Graphene thickness (nm) 2.4–9.0 
Graphene volume fraction (vol%) 0.67, 1.34, 2.01, 2.50 
Simulation parameters 
Number of grid cells 300×200×200 
Number of thermal walkers 40,000 
Thermal equilibrium factor  0.33 
Time increment (ps) 4.2 
Number of time steps 600,000 
 
Besides those model assumptions listed in Chapters 2–4, another assumption 
was made for the current GA-PMMA model: the TBR of graphene-graphene were 
ignored due to the negligible role played by graphene-graphene contacts compared 
with the graphene-PMMA contacts. In the composites with low graphene loading, 
the probability of direct graphene-graphene contact is much smaller than that of 
graphene-matrix contact. 
 
5.2.2 Finite element analysis  
In order to compare with the Monte Carlo model, finite element analysis was 
also conducted to predict the Keff of the GA-PMMA composites. A representative 
volume element (RVE) of the GA-PMMA composite was created by building a 
graphene layer in the center of a PMMA box [154]. Figure 5.2 (a) presents the 
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geometry of the graphene-PMMA composite with 0.67 vol% graphene loading. The 
PMMA box had a cross section of 510×510 nm2 in X-Y plane, and a thickness of 
430 nm in Z direction. The graphene layer was built as cuboid and had fixed size 
in X, Y and Z directions: 500×500×3 nm3 [188-190]. The size of graphene layer 
was fixed, and the models for the composites with different volume fraction of 
graphene were obtained by varying the thickness of the PMMA box. 
      
Figure 5.2 (a) FEA representative volume element (RVE) model of the GA-PMMA 
composites. In this model, the volume fraction of graphene is 0.67%. The PMMA 
box has a dimension of 510×510×430 nm3 (X*Y*Z). The graphene layer has a 
dimension of 500×500×3 nm3 (X*Y*Z). The models with different volume 
fractions of graphene are created by varying the thickness in Z direction. (b) 
Element meshing of the RVE for the GA-PMMA composites with 0.67 vol% 
graphene loading. Tetrahedron elements are used, and the minimum size of 
elements is 0.42 nm. There are 1016017 tetrahedron elements, and 206058 nodes 
in the model. 
 
After creating the geometry of the graphene-PMMA composite, it is required 
to mesh the whole system into elements before the calculation. Tetrahedron 
elements were used in the meshing process, and the minimum size of the elements 
was 0.42 nm due to the small thickness of graphene layer. After meshing the model, 




5.2 (b), the elements around the graphene are much smaller than those in the bulk 
PMMA, which may be due to the small size of graphene layer.  
After the element meshing, some pre-treatments should be conducted before the 
FEA calculation, which include: 
(i) defining the materials of each component; 
(ii) describing the interface properties; 
(iii) applying the boundary conditions in the model.  
The thermophysical properties values of the graphene and the PMMA used in 
the FEA were same with those used in MC model, as listed in Table 5.1. The 
thermophysical properties of the graphene and the PMMA were added into the 
corresponding domains in the RVE model. In all the FEA calculations, the thermal 
conductivity of graphene layer was 3,000 W/m·K [192]. At the interface between 
graphene and PMMA, the thermal contact resistance (the TBR in the MC model) 
was added with the same value in the MC model.  
To estimate the Keff of the GA-PMMA composite, a constant temperature 
difference was created between the two surfaces along the X direction of the model. 
Since the length of the model in the X direction is 0.51 µm, a temperature difference 
of 0.51 ℃ was applied by setting the temperature of surface x=0 to be 25.26 ℃, and 
the temperature of surface x=0.51 µm to be 24.75 ℃. The whole system had an 
initial temperature of 25 ℃. The adiabatic boundary condition was applied in the 
other two directions (Y and Z). Then the simulation was conducted until the system 
reached the thermal steady state. In the thermal steady state, along the X direction, 
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the Fourier law can be used to describe the one-dimensional heat conduction, and 
it can be expressed as: 
dx
dT
Kq xeff"                                                            (5.1)                                                      
where q" and Tx are the heat flux in the X direction, and the temperature profile 
along the X direction. The Keff can be calculated by obtaining the heat flux, q", and 
the temperature gradient in the X direction, as shown below: 
xdT
dx
qK "eff                                                            (5.2) 
 
5.3 Results and discussion 
5.3.1 Model validation with measured thermal conductivity of GA-PMMA 
composites 
In order to validate the model, the measured thermal conductivities of the GA-
PMMA composites were used. GA-PMMA composite samples with different 
volume fractions of graphene nanosheets (i.e. 0.67%, 1.34%, 2.01% and 2.50%) 
were synthesized and investigated [93]. The thermal conductivities of the samples 
were measured by applying a comparative infrared microscopy technique 
(VariCAM high resolution thermographic systems). The experimental set-up is 
schematically presented in the insert figure in Figure 5.3, for which the amorphous 
quartz with thermal conductivity of 1.3 W/m·K was utilized as the reference 
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Figure 5.3 Validation of the developed GA-PMMA model by comparing the 
simulation results with the measured thermal conductivities of the GA-PMMA 
composites with different volume fractions of graphene nanosheets (0.67%, 1.34%, 
2.01% and 2.50%). The insert figure is the set-up scheme of the comparative 
infrared microscopy technique. The amorphous quartz was set as the reference 
material, and had a thermal conductivity of 1.3 W/m·K. More details of the 
experimental set-up can be found in Ref. [93]. 
 
The TBR between graphene and the PMMA matrix was an input in the 
simulation. The model was validated in two steps: (i) predicting the TBR of the 
graphene-PMMA by matching the calculated Keff with the measured Keff of one 
composite (i.e. 1.34vol% graphene loading); and (ii) using this predicted TBR of 
the graphene-PMMA as input in the other composites to calculate the Keff, and then 
comparing that Keff with the measured Keff. As presented in Figure 5.3, the 
simulated Keff of the four composites with different graphene loading agreed well 
with the experimental values, validating the developed GA-PMMA model. The 
TBR between the graphene and PMMA was estimated to be 1.906×10-8 m2K/W, 
which was in the same range as the value reported by Fang et al. [94]. 
For comparison, both the FEA and a modified EMT were applied to predict the 
Keff of the GA-PMMA composites. In the FEA, the RVEs for the four GA-PMMA 
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composites with different volume fraction of the graphene were built. The TBR 
between the graphene and the PMMA was used as 1.906×10-8 m2K/W. By 
calculating the heat flux along the X direction, the Keff of each composite was 
obtained. In the EMT, the Keff of the GA-PMMA composites, KGA-PMMA, was 




























             (5.3) 
where Rbd-GA is the TBR between the graphene nanosheets and the PMMA, and H 
is the thickness of the graphene nanosheets, which was taken to be 3 nm on average 
for this calculation [193-195]. KG, KPMMA, and ϕ are the thermal conductivity of the 
graphene nanosheets, the thermal conductivity of the PMMA, and the volume 
fraction of the graphene nanosheets, respectively. With a much lower thermal 
conductivity of graphene nanosheets (KG= 100 W/m·K [196]) and a Rbd-GA of 
1.0×10-8 m2K/W, the calculated Keff of the GA-PMMA composites with four 
different graphene loadings by applying the EMT were 0.646, 1.093, 1.561, and 
1.868 W/m·K, respectively.  
The predicted Keff values by the EMT, the FEA and the MC model, as well as 
the experimental data were presented in Figure 5.3. As shown in Figure 5.3, both 
the Keff values from the EMT and from the FEA were much higher than the 
experimental data (i.e. 0.35, 0.46, 0.58 and 0.70 W/m·K for the four composites). 




experimental data may be because the current FEA model did not take into account 
the random dispersion and the size distribution of graphene nanosheets.  
The FEA model can be improved by building more graphene nanosheets with 
random orientation in the RVE [29, 103, 154, 197]. However, it may be more 
complicated to create the geometry and mesh the system [154]. Due to the 
computational limitation and meshing concerns, the number of nanoparticles 
(graphene, carbon nanotube) in FEAs is normally limited to be around 100 [103, 
197]. This small number of nanoparticles may be enough to replicate the two-phase 
composites. However, it is far from enough to model the three phase composites. 
For instance, in Chapter 3, the model for the 0.9/0.1/99.0 SWNT/WS2/PEEK 
composite was built with one WS2 nanoparticles, and ~15,000 SWNTs. The 15,000 
SWNTs were randomly oriented and distributed in the model. It may require 
enormous computational power to mesh this system in the FEA due to the small 
size of SWNT (2 nm diameter) compared with the bulk polymer (~1600 nm), and 
the element meshing may produce a large number of elements (~1.5×1010) and 
nodes (~3.0×109). The large number of elements and nodes also requires quite long 
time to conduct the calculation.  
In the MC model, the simulations were repeated with 3-6 random 
configurations of the nanoparticles (graphene or CNTs) to avoid the accidental error 
and to get the error bars. To do the same calculation in the FEA, it requires the 
calculation of ~9.0×1010 elements and ~1.8×1010 nodes for one set of parameters. 
Moreover, as presented in Tables 3.3 and 4.2, the systematic studies were carried 
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out for each affecting parameter on the Keff of composites. To conduct the similar 
systematic studies in the FEA, the computational time may be a major concern. 
There is also a large discrepancy between the Keff calculated from the EMT and 
the experimental data. This may be ascribed to the effect of the size of the graphene 
nanosheets. The EMT ignored the length and width of graphene nanosheets and 
only considered an average thickness of the graphene nanosheets. However, in the 
composite samples, the graphene nanosheets have a large range of size distribution. 
The various lengths, widths and thicknesses of the graphene nanosheets cannot be 
taken into account in the EMT, so the effect of the size of the graphene nanosheets 
on the Keff of composites was ignored in the EMT. Moreover, the FEA and the EMT 
predicted a linear relation between the Keff and the volume fractions of the graphene 
nanosheets. It failed to explain the non-linear relation between the Keff of 
composites and the volume fraction of fillers, which was commonly found in 
experimental data [198].  
 
5.3.2 Effects of volume fractions and orientations of graphene nanosheets 
on the Keff of GA-PMMA composites 
As shown in Figure 5.4, the Keff of the GA-PMMA composite increased as the 
volume fraction of the graphene nanosheets increased. The Keff of the GA-PMMA 
composite reached as high as 0.70 W/m·K at 2.50vol% graphene loading. This is 
3.5 times that of the pure PMMA (~0.20 W/m·K) [141]. Graphene nanosheets acted 
as much more effective channels for heat transfer than the pure PMMA. A higher 
volume fraction of graphene nanosheets means that more graphene nanosheets act 




PMMA composites. However, due to the TBR present at the graphene-PMMA 
interface, the enhanced Keff of the GA-PMMA composites were still much lower 
than that of graphene (~1,000 W/m·K) [191].   
Since the orientations of graphene nanosheets are difficult to be controlled in 
experiments, experimentalists may not study the effect of the orientations of 
graphene nanosheets on the Keff of GA-PMMA composites. However, in the present 
model, the systems with graphene nanosheets with various orientations can be 
easily built, so the maximum and minimum Keff, as well as the anisotropic thermal 
transport properties of GA-PMMA composites, can be effectively predicted. In 
order to study the effect of graphene orientations on the Keff of GA-PMMA 
composites, graphene nanosheets were oriented in different directions (i.e. parallel, 
random and perpendicular to the heat flux).  
 
Figure 5.4 The thermal conductivity of GA-PMMA composites as a function of 
graphene volume fraction. The TBR (Rbd-GA) between the graphene nanosheets and 
PMMA was estimated to be Rbd-GA = 1.906×10
-8 m2K/W in the developed model. 
The same Rbd-GA was utilized in the composites with parallel- and perpendicular-
oriented graphene. In the EMT, the utilized thermal conductivity of graphene and 
Rbd-GA of graphene-PMMA were 100 W/m·K and 1.0×10
-8 m2K/W, respectively. 
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As presented in Figure 5.4, at the same graphene loading, composites with 
graphene nanosheets parallel to the heat flux attained the highest Keff, while those 
with graphene nanosheets perpendicular to the heat flux direction had the lowest 
Keff. This is because graphene nanosheets served as effective heat transfer channels. 
Graphene nanosheets oriented parallel to the heat-flux direction can transport the 
heat faster through the composites than those with random or perpendicular 
orientation to the heat flux, inducing higher Keff of the GA-PMMA composites. 
These quantitative findings were also consistent with the experimental findings in 
composites with aligned CNTs [61]. On the other hand, graphene nanosheets 
perpendicular to the heat flux did not seem to enhance the Keff of the GA-PMMA 
composites. Due to the TBR at the graphene-PMMA interfaces, graphene 
nanosheets perpendicular to the heat flux acted as barriers to impede the transfer of 
heat along the heat flux direction, resulting in the Keff of GA-PMMA composites 
being close to or even lower than that of the PMMA.  
 
5.4 Conclusions 
The developed off-lattice Monte Carlo methodology has been demonstrated to 
be suitable to investigate the thermal transport properties of the two-phase GA-
PMMA composites. By taking into account the size distribution (various lengths, 
widths and thicknesses) and the TBRs at graphene-PMMA interface, the developed 
model can predict the Keff of GA-PMMA composites more accurately than the 
common EMT and the FEA. Moreover, the developed approach provided an 




which is difficult to measure in experiments. The TBR between the graphene 
nanosheets and PMMA in GA-PMMA composites was estimated to be 1.906×10-8 
m2K/W, by matching the simulated Keff with the measured value. The simulation 
results also showed that the Keff of GA-PMMA composites increased with the rise 
of volume fractions of graphene nanosheets. Graphene nanosheets parallel to the 
heat-flux direction enhanced the Keff of GA-PMMA composites more effectively 




Chapter 6: Modeling of Cancer Photothermal Therapy using 
Single-walled Carbon Nanotubes and Near-infrared Radiation 
6.1 Introduction  
As presented in introduction, the existing macro-scale models and micro-scale 
models have limitations to study the photothermal energy conversion and transport 
in the cancer therapy using CNTs and NIR. In order to bridge the gap between 
macroscopic FEMs and microscopic MD models, a mesoscopic model of cancer 
photothermal therapy using NIR and CNTs was developed based on the off-lattice 
Monte Carlo methodology, and is described in this chapter. The developed model 
mimicked a three-phase biological system, with the cancer cell, the healthy tissue, 
and the SWNTs. The effects of SWNT morphologies (diameter and length), SWNT 
orientations (parallel, random, and perpendicular to the laser direction), and SWNT 
concentrations (12.5–50 mg/L) on the temperature increase of biological systems 
were quantitatively investigated. The roles played by TBRs around SWNTs in the 
temperature increase of the healthy tissue and the cancer cell were quantitatively 
studied. The findings promised to bridge the gap between macroscopic and 
microscopic models, and guide the optimization of cancer treatment conditions 
using NIR and SWNTs. 
 
6.2 Computational model and simulation parameters  
A 3-dimensional model was developed with the healthy tissue, the cancer cell, 
and the randomly distributed SWNTs, as shown in Figure 6.1(a). The side length 
of the cube representing the healthy tissue was 2 µm and the diameter of the sphere 
Modeling of Cancer Photothermal Therapy using Single-walled Carbon 
Nanotubes and Near-infrared Radiation 
99 
 
representing a cancer cell was 1 µm. The SWNTs were assumed to be solid 
cylinders, and were randomly distributed over the surface of the cancer cell. The 
SWNTs for the base study were 1.2 nm in diameter and 150 nm in length, which 
was consistent with the experimental study [16].  
  
                            (a)                                                          (b) 
 
                           (c)                                                           (d) 
 
Figure 6.1 Schematic plot of the computational model. (a) The pink cubic box, not 
drawn to scale, represented the healthy tissue, and the red sphere in the centre was 
the cancer cell. The black cylinders distributed on the cell surface were the SWNTs, 
which were enlarged for easy comprehension. The red dots in the different mediums 
were thermal walkers, and the white dots represent the interfaces where TBRs 
existed. (b)–(d) Systems with (b) SWNTs perpendicular to the laser, (c) SWNTs 
random to the laser, and (d) SWNTs parallel to the laser. The NIR laser was directed 





The system was placed under the illumination of an 808-nm laser, directed from 
the top surface. Assuming that the laser had a Gaussian distribution in space, the 
laser density distribution at a location (x, y, z), I (x, y, z) , can be expressed as [199]: 








                                  (6.1) 
where 0I , ε, α, r, and h are the laser density, the saturated absorption coefficient of 
the SWNTs, the damping coefficient, the radius of the laser beam, and the side 
length of the cubic model in Figure 6.1(a), respectively. The origin of the coordinate 
system (x=0, y=0 and z=0) was at the left bottom corner of the model. For the 
current work, SWNTs with different orientation were assumed to have the same 
optical absorption coefficient, because the effect of SWNT orientation on the 
optical property of SWNTs can be ignored under low photon energy irradiation 
(less than 2 eV) [200]. 
The laser energy absorbed by each SWNT was calculated in this mesoscopic 
model. According to Eq. (6.1), the saturated absorption coefficient of a single 
SWNT is indispensable to accurately obtain the laser energy absorbed by each 
SWNT. Due to the complexity of handling a single SWNT and measuring its 
absorption coefficient, there are no literature reports of the absorption coefficient 
of a single SWNT. Although some studies have been conducted to characterize the 
optical properties of CNT films [201, 202], these values may be larger than the 
value for a single SWNT due to the interaction and bundle effect of CNTs in CNT 
films. Since graphene has similar properties to SWNTs, the saturated absorption 
coefficient of monolayer graphene may be used for a SWNT. Mark et al. [203] have 
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reported the saturated absorbance of monolayer graphene to be 2.3 ± 0.2%. This 
absorbance value (2.3%) of monolayer graphene was used for the SWNT in the 
present model. 
Owing to the strong ability of SWNTs to absorb NIR and the high transparence 
of the healthy tissue and the cancer cell under NIR, it can be reasonably assumed 
that only SWNTs absorb laser energy and instantaneously convert optical energy 
to thermal energy. Thermal energy was modeled by releasing a large quantity of 
thermal walkers with the same energy from SWNTs in each small time step 
(maximum number of 10,000 for a SWNT). Considering the orientations and 
locations of the SWNTs, the number of thermal walkers released from a SWNT in 









                      (6.2)
            
 
where Nmax 
is the maximum number of thermal walkers released from a SWNT 
perpendicular to the laser direction in a single time step. Nmax was 10,000 in the 
current work, in order to balance the algorithm accuracy and the computing time 
[174]. The angle between the SWNT axis and the laser direction is  , which is the 
parameter that considers the effect of SWNT orientation on the laser absorption 
area of SWNTs. Due to the much smaller size of the SWNTs (1.2 nm diameter) 
compared with the radius of the laser beam (3,000 nm), the position of the center 
in each SWNT was used to calculate the number of thermal walkers released from 
each SWNT. 
Thermal walkers in the SWNT were assumed to travel at an infinite speed due 




cancer cell, thermal walkers moved randomly with Brownian motion, which 
depends on their thermal diffusivities [146]. At different interfaces, TBRs were 
taken into account by introducing average phonon transmission probabilities for 
thermal walkers to jump across an interface. The relations between the phonon 
transmission probabilities and TBRs are described in Eqs. (2.4) and (2.5).  
Table 6.1: Material properties and parameters used in the simulations 
Human tissue (Biological solution) [204] 
Density(kg/m3)                 1325 
Specific heat capacity (J/Kg·K) 3750 
Thermal conductivity (W/m·K) 0.52 
Sound velocity (m/s) 1603 
Cancer cell [148] 
Density (kg/m3) 1025 
Specific heat(J/Kg·K) 3400 
Thermal conductivity (W/m·K) 0.45 
Sound velocity (m/s) 1500 
Single-walled carbon nanotube 
Density (kg/m3) [149] 1357 
Thermal conductivity (W/m·K) [37] ~3500 
Specific heat (J/Kg·K) (at 300K) [150] 841 
Other simulation parameters 
Computational box size(bins) 200×200×200 
SWNT diameter (nm) 0.8, 1.2, 2, 3, 6 
Aspect ratio of CNT, L/D 25, 80,125, 250 
SWNT concentration (mg/L) 12.5, 25, 37.5, 50 
Laser density (W/cm2) [16] 1.4 
Laser beam diameter (m) 3 
Laser damping coefficient (m-1) 20.0 
Maximum number of walkers 10,000 
Time increment (ns) 0.02 
TBR of cell-SWNT (10-8m2 K/W) [110] 0.225–22.500 
TBR of tissue-SWNT (10-8m2 K/W) 
[108] 
1.2–120.0 
TBR of tissue-cell (10-8 m2K/W) [205] 0.0685– 6.850 
Thermal equilibrium factor Cf1 = 0.25 Cf2 = 0.045 
 
All the model assumptions in Section 2.1 still hold for the present model. Unlike 
the application systems discussed in Chapters 3–5, the interaction between the 
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SWNTs and the cancer cell was taken into account in this work, since SWNTs were 
randomly distributed on the surface of the cancer cell. The computational box was 
divided into 200 grids on each side (a total of 200×200×200 computational bins). 
This chosen grid number was different from those for the models in Chapters 3–5, 
in order to shorten the computing time. The temperature distribution was obtained 
from the number of thermal walkers in each computational bin. During the 
simulations to determine the temperature increase rate in the cancer cell and the 
tissue, the temperatures of the SWNTs changed with time as the whole system was 
in a transient process during the laser heating. The detailed simulation parameters 
are summarized in Table 6.1.  
 
6.3 Results and discussion  
6.3.1 Model validation 
The model was validated by modeling the experimental study carried out by 
Kam et al. [16]. In their study, a biological solution with randomly distributed 
SWNTs was heated by an 808-nm laser at an intensity of 1.4 W/cm2. With a SWNT 
concentration of 25 mg/L, the biological solution achieved a temperature increase 
rate of 0.6 ℃/s. To model their study, a mesoscopic model was built with SWNTs 
randomly distributed in a biological solution. The size (1.2 nm in diameter, 150 nm 
in length) and concentration of SWNTs (25 mg/L), as well as the laser intensity 
(1.4 W/cm2), was identical to those in the experimental study. The TBR was set to 




average thermal resistance at the SWNT-water interface reported by Maruyama et 
al. [110].  
Using the absorbance value of monolayer graphene (2.3 ± 0.2%.) for the 
SWNTs, a temperature increase rate of 0.71 ± 0.07 ℃/s for the biological solution 
was obtained. This value was the average result of three simulations with different 
dispersions of SWNTs in the biological solution. The lower limit of the above 
calculation was slightly higher than the experimental value of 0.6 ℃/s reported by 
Kam et al. [16]. In experiments, some factors (e.g. the interactions between SWNTs, 
bundle aggregation of SWNTs, and other heat losses to the ambient environment) 
may affect the temperature increase rate of the biological solution. These factors 
were not taken into consideration due to the limitations of the current model, which 
may account for the slightly higher temperature rise than that in the experimental 
study. 
 
6.3.2 Effects of SWNT optical properties on the temperature increase of the 
biological solution 
As discussed, the optical properties of SWNTs significantly affected the 
temperature increase of the biological solution when heated by an NIR laser. The 
laser absorbance of SWNTs is related to the molar extinction coefficient of SWNTs, 
which can be calculated from the absorption cross section of SWNTs. Islam et al. 
[206] first reported the SWNT absorption cross-section to be 0.8×10-18 cm2 per C-
atom. A bigger absorption cross-section of 0.7×10-17 cm2 was later found by Ming 
et al. [207] who used DNA-suspended SWNTs. This value is close to that of the 
monolayer graphene (2.3%), which corresponds to an absorption cross-section of 
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0.6×10-17 cm2. By using Rayleigh scattering, Joh et al. [208] measured the 
absorption cross-section of SWNTs to be 2.5×10-17 cm2. This relatively high value 
may be ascribed to the strong optical coupling between adjacent SWNTs. 
Following Joh et al., Schoppler et al. determined the absorption cross-section to be 
(1.7± 0.4)×10-17 cm2 per C-atom by applying fluorescence tagging and atomic force 
microscopy (AFM) images [209].  
Using the five different absorption cross-sections reported above to calculate 
the temperature increase rate of the biological solution, the obtained temperature 
increase rates were 0.095, 0.83, 0.71, 2.96 and 2.02 ℃/s, respectively. The larger 
the absorption cross-section of the SWNTs, the higher the temperature of the 
biological solution. SWNT aggregates and bundles are likely to decrease the 
absorption cross section of SWNTs in suspensions [210], which can be avoided by 
using SWNTs functionalized by proper surfactants [211]. With appropriate 
functionalization of SWNTs, the absorption cross section could be increased, so as 
to enhance the heating efficiency of SWNTs in photothermal therapy [209, 210, 
212]. 
 
6.3.3 Effects of SWNT orientations and concentrations on the temperature 
increase rate of the biological solution  
SWNT orientations play a significant role in the thermal properties of SWNT-
polymer composites [142] and SWNT nanofluids [143]. In order to study the effect 
of SWNT orientations on the temperature increase of a biological solution, models 




temperature increase rates of the biological solution with different SWNT 
orientations relative to the NIR laser are presented in Figure 6.2.  
 
Figure 6.2 Effects of SWNT concentrations and orientations on the temperature 
increase rate of biological solution. The concentration used in the experimental 
study was 25 mg/L [16]. The TBR between the SWNTs and the biological solution 
was 12×10-8 m2K/W [110]. 
 
With the same SWNT concentration, SWNTs with an orientation perpendicular 
to the laser beam produced the highest temperature increase rate of the biological 
solution, while SWNTs with parallel orientation resulted in the lowest. The effect 
of SWNT orientation on the temperature increase rate of the biological solution was 
closely related to the effective laser absorption area of SWNTs. At the same laser 
intensity, a larger SWNT absorption area can absorb more laser energy and hence 
induce a higher temperature. The SWNTs perpendicular to the laser direction had 
the largest effective absorption area, followed by the SWNTs random to the laser, 
and finally the SWNTs parallel to the laser. It can be concluded that the heating 
efficiency of the SWNTs in cancer photothermal therapy could be strengthened by 
controlling the SWNT orientation relative to the laser direction. This may be 
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achieved by applying a magnetic field on the magnetic molecules functionalized 
SWNTs [213, 214].  
As shown in Figure 6.2, the temperature of the biological solution rose with the 
increase in SWNT concentration. This result is consistent with the experimental 
findings of Ghosh et al. [215], in which an increase in CNT concentration resulted 
in an apparent increase of the temperature of the tumor. At a higher SWNT 
concentration, more SWNTs were present as heating agents, resulting in a higher 
temperature of the biological solution. However, a higher concentration of SWNTs 
may induce higher cytotoxicity in the biological systems [6, 216]. Therefore, the 
concentration of SWNTs used in photothermal therapy in vivo should be well 
controlled in order to avoid possible cytotoxicity. 
 
6.3.4 Effects of SWNT morphology on the temperature increase rate of the 
biological solution 
The morphology of SWNTs (diameter and aspect ratio) was modified to study 
its effect on the heating efficiency of the SWNT in photothermal therapy. Figure 
6.3(a) presents the temperature increase rate of the biological solution with the same 
SWNT concentration (25 mg/L) but different SWNT diameters (0.8–6.0 nm). The 
temperature increase rate decreased as the SWNT diameter increased, indicating 
that smaller SWNTs had higher heating efficiency. At the same SWNT 
concentration, SWNTs with smaller diameters had larger surface area per volume 
than those with bigger diameters. The larger surface area could result in the SWNT 




surrounding solution, enhancing the heat transfer from the SWNTs to the biological 




Figure 6.3 Effects of the morphology of the SWNTs on the temperature increase 
rate of a biological solution: (a) Diameter, (b) Aspect ratio. The SWNT 
concentration was kept at 25 mg/L and the TBR used between the SWNTs and 
biological solution was 12×10-8 m2K/W [110]. 
 
The aspect ratio (10 to 250) of the SWNTs (i.e. the ratio of length L to diameter 
D, L/D), did not seem to have a significant effect on the temperature increase rate 
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of the biological solution, as shown in Figure 6.3(b) above. This may be ascribed 
to the way the aspect ratio was varied for the current study. The aspect ratio of the 
SWNTs was varied while a constant diameter was maintained, and therefore the 
length of SWNTs was altered. At the same concentration of SWNTs, varying their 
length did not significantly affect their surface area, and thus had negligible effect 
on the temperature increase of the biological solution, compared with the effects of 
SWNT diameter. 
 
6.3.5 Effects of thermal boundary resistances (TBRs) on the temperature 
increase rate  
TBR is the resistance to heat flow at an interface [217], and plays a significant 
role in the transfer of heat in systems containing SWNTs, due to their specific 
surface area [75]. The effect of TBRs on the temperature increase rates was 
investigated by introducing a probability for phonon transmission at interfaces 
according to the acoustic mismatch theory [48]. Figure 6.4 presents the effect of the 
TBR between SWNTs and the biological solution on the temperature increase rate 
of the biological solution. With different orientations of the SWNTs, the 
temperature increase rates of the biological solution all decreased as the TBR 
between the SWNTs and the biological solution rose. This can be explained by the 
acoustic mismatch theory, which holds that: the probability of phonon transmission 
from SWNTs to the surrounding biological solution is inversely proportional to the 
TBR. Therefore, a higher TBR between the SWNTs and biological solution greatly 
inhibits thermal energy transfer from the interior of the SWNTs to the exterior 





Figure 6.4 Effects of thermal boundary resistance (TBR) between the SWNTs and 
biological solution on the temperature increase rate of the biological solution: the 
TBR values were varied in the range of 1.2×10-8–1.2×10-6 m2K/W [110]. 
 
Lervik et al. [218] reported that the thermal conductance at the protein-water 
interface was within the range of 100–270 MW/Km2, which corresponds to a TBR 
of 0.37–1.0×10-8 m2K/W. Since the cell membrane consists of various proteins, 
while healthy tissue is mainly composed of water [204], there might be TBR at the 
tissue-cancer cell interface due to the interactions between proteins from the cancer 
cell membrane and water from the healthy tissue. TBR was assumed to exist at the 
cell-tissue interface for the current work, on the order of 0.5×10-8 m2K/W [218].   
Systems were built with the cancer cell inside the healthy tissue and the SWNTs 
located on the cell membrane. A larger SWNT diameter (6 nm) was applied 
considering the functionalization of the SWNTs. The TBRs at the cell-SWNTs, 
tissue-SWNTs, and tissue-cell interfaces were quantified to investigate their effects 
on the temperature increase rates of the tissue and the cancer cell. As shown in 
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rise of the TBR at the cell-SWNT interface (Rce-CNT). On the other hand, the 
temperature increase rate of the healthy tissue increased with the rise of Rce-CNT. A 
higher TBR between the cancer cell and SWNTs hindered thermal energy transfer 
from the SWNTs to the cancer cell more significantly, meaning that fewer thermal 
walkers can travel to the cancer cell from the SWNTs. The smaller number of 
thermal walkers in the cancer cell accounts for the lower temperature increase rate 
of the cell. However, because the thermal energy in the SWNTs was considerably 
blocked, more energy might transfer to the healthy tissue, inducing a higher 
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Figure 6.5 Effects of TBRs on the temperature increase rate of the tissue and the 
cancer cell: (a) TBR of cell-SWNT (2.25×10-9–2.25×10-7 m2K/W); (b) TBR of 
tissue-SWNT (1.2×10-8–1.2×10-6 m2K/W), and (c) TBR of tissue-cell (6.85×10-10 
–6.85×10-8 m2K/W). The diameters of the SWNTs were 6 nm.  
 
Figure 6.5(b) above is a plot of the effect of the TBR between the healthy tissue 
and the SWNTs on the temperature increase rate of the tissue and the cancer cell. 
A higher TBR at the tissue-SWNT interface (Rti-CNT) generated a higher 
temperature increase rate of the cancer cell but a lower temperature increase rate of 
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SWNTs to the healthy tissue was greatly impeded, which resulted in a low 
temperature increase rate of the healthy tissue. Conversely, a large amount of heat 
from inside the SWNTs would alternatively be transferred to the cancer cell through 
the SWNT-cell interfaces, leading to a high temperature increase rate of the cancer 
cell.  
Similarly, the effect of TBR between the healthy tissue and the cancer cell 
( cetiR ) is shown in Figure 6.5(c). The temperature increase rate of the cancer cell 
increased with the rise of Rti-ce, while the temperature increase rate of the tissue 
decreased with the rise of Rti-ce. Since the cancer cell had a higher temperature than 
the healthy tissue, higher TBR at the tissue-cell interface more effectively blocked 
the transfer of thermal energy from the cancer cell to the surrounding tissue. Owing 
to the relative larger interfacial area between the tissue and the cancer cell, the effect 
of Rti-ce was more significant than those of Rce-CNT and Rti-CNT. As noted in Figure 
6.5, the cancer cell had a higher temperature increase rate than the healthy tissue in 
the present model. This may be ascribed to the relatively smaller mass and specific 
heat capacity of the cancer cell, as well as the presence of SWNTs as heat sources 
located on the cell membrane. 
As discussed above, the TBRs around the SWNTs significantly affected the 
heating efficiency of SWNTs in cancer photothermal therapy. The TBR can be 
modified by proper functionalization of the SWNTs [160, 219]. In biological 
systems containing cancer cells and SWNTs, through appropriate interfacial 
modification around the SWNTs, the ratio of Rce-CNT to Rti-CNT  (Rce-CNT/Rti-CNT) can 




carried out to investigate the relation between the temperature increase rates and 
the ratio of Rce-CNT to Rti-CNT.  
  
 
Figure 6.6 Effects of the ratio of Rce-CNT divided by Rti-CNT on the temperature 
increase rates of (a) the cancer cell and (b) the healthy tissue. 
 
Figure 6.6 presents the temperature increase rates of the cancer cell and the 
tissue using different ratios of Rce-CNT to Rti-CNT. By fitting the temperature increase 
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where Tce and rt are the temperature increase rate of the cancer cell and the ratio of 
Rce-CNT to Rti-CNT, respectively. The coefficient of determination, R
2, had a value of 
0.9982 for the curve fitting, indicating a good agreement between the equation and 
the simulation results. Similarly, the effect of the ratio of Rce-CNT to Rti-CNT on the 
temperature increase rate of the tissue, can be obtained and expressed as follows: 









T                                    (6.4) 
where Tti is the temperature increase rate of healthy tissue. The coefficient R
2 was 
0.9806 for the curve fitting. As shown in Figure 6.6 and Eqs. (6.3)–(6.4), changes 
in the ratio of Rce-CNT to Rti-CNT had opposite effects on the temperature increase 
rates of the cancer cell and the healthy tissue. This indicates that the cancer cell can 
be made to have a higher temperature than the healthy tissue by adjusting the ratio 
of  Rce-CNT to Rti-CNT. 
 
6.4 Conclusions  
In summary, a mesoscopic model of cancer photothermal therapy using SWNTs 
and NIR was successfully developed. The complex morphology (diameter and 
aspect ratio) and dispersion pattern (orientation and concentration) of SWNTs were 
taken into account. It was found that the heating efficiency of SWNTs could be 
increased by utilizing the SWNTs perpendicular to the NIR direction and the 
SWNTs with smaller diameters, because of the enhanced effective NIR absorption 
area of the SWNTs. Better dispersion of SWNTs in biological systems resulted in 
the enhanced absorption cross-section of a single SWNT, leading in turn to higher 




cell) obtained higher temperature with higher concentration of SWNTs, however, 
the concentration should be well controlled in case of cytotoxicity of SWNTs at a 
high concentration.  
TBRs were investigated by introducing a probability of phonon transmission at 
interfaces. The temperature of the cancer cell increased with the rise of the TBRs 
at the tissue-SWNTs and tissue-cell interfaces. On the other hand, the temperature 
of the healthy tissue decreased with the rise of these two TBRs. A lower TBR at 
the cell-SWNTs interface induced a higher temperature of the cancer cell but a 
lower temperature of the healthy tissue. A higher cancer cell temperature, compared 
with healthy tissue, might have been achieved by adjusting the TBRs around the 
SWNTs through the appropriate interfacial modification. These findings may be 
beneficial for optimizations of cancer photothermal therapy using NIR and SWNTs. 
In some experiments, CNTs were coated with a metal layer, such as gold layer, to 
improve their photothermal efficiency and reduce their cytotoxicity [220]. The 
effect of the coating layer on the photothermal efficiency of SWNTs was not 
considered for the present model, and will be studied in future work. 
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Chapter 7 Conclusions and Suggestions for Future Work 
7.1 Conclusions 
For this dissertation, mesoscopic models were successfully developed to 
investigate the thermal transport properties of multiphase systems containing CNTs, 
via the off-lattice Monte Carlo method. The developed models can take into account 
the complex structures of the systems and CNTs, and the TBRs around the CNTs.  
A model was first developed to investigate the thermal transport phenomena 
and limitations of three-phase SWNT/WS2/PEEK composites. By taking into 
account the TBRs at the SWNT-PEEK and WS2-PEEK interfaces, and the 
synergistic effects of the SWNTs and WS2 nanoparticles, the developed model can 
more accurately predict the Keff of the composites than the widely-used effective 
medium theories (EMTs). Further studies showed that the Keff of the three-phase 
composites decreased as the TBRs at SWNT-PEEK and WS2-PEEK interfaces rose. 
The TBR at the SWNT-PEEK interface dominated the heat transfer in the 
composites due to the ultrahigh thermal conductivity and the long cylindrical 
geometry of the SWNTs. The SWNTs parallel to the heat flux could induce higher 
Keff of the three-phase composites than the SWNTs that were either random or 
perpendicular to the heat flux. Higher Keff of the three-phase composites could also 
be obtained by utilizing the SWNTs with higher mass fraction, longer length and 
smaller diameter.  
Since SWNTs tend to aggregate into bundles during the fabrication of 
composites, a composite model with SWNT bundles was then built to study the 




composites. It was found that in the composites with SWNT bundles random or 
parallel to the heat flux, the Keff decreased with the number of SWNT bundles and 
the number of SWNTs in each bundle. When SWNTs were perpendicular to the 
heat-flux direction, the Keff slightly increased with the number of SWNT bundles, 
but did not vary with the number of SWNTs per bundle. The Keff of the three-phase 
composites decreased with the rise of the SWNT-SWNT TBR. A critical SWNT-
SWNT TBR was estimated to be 0.155×10-8 m2K/W, and may dominate the heat 
transfer in the three-phase composites.  
Limited by the experimental techniques, it is difficult to measure the TBRs 
between the nanofillers (CNTs, graphene nanosheets) and polymer in composites. 
The developed models provided an effective method to estimate the TBRs at the 
nanofiller-polymer interfaces by matching the simulated and the measured Keff of 
the composites. When the complex morphology (e.g. graphene nanosheets of 
various lengths, widths, and thicknesses) and the large quantity (e.g. thousands of 
CNTs) of nanofillers were taken into account, the estimations of TBRs at the 
nanofiller-polymer interfaces by the developed models were more accurate than 
those by the widely-used EMTs.  
Finally, in the modified model for cancer photothermal therapy using SWNTs 
and laser, the complex morphologies, orientations, and concentrations of SWNTs 
were quantified. The results showed that the temperature of the biological solutions 
increased with the SWNT concentrations. The heating efficiency of the SWNTs can 
be increased by using SWNTs with smaller diameters and an orientation 
perpendicular to the laser. The TBRs around the SWNTs had opposite effects on 
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the temperatures of the cancer cell and the healthy tissue, so the temperature of the 
cancer cell can be made higher than that of the healthy tissue by adjusting the TBRs 
at the SWNT-cancer cell and SWNT-healthy tissue interfaces. The developed 
mesoscopic model for cancer photothermal therapy may bridge the macroscopic 
FEMs and the microscopic MD models.  
In summary, the contributions of this dissertation may include: (i) successfully 
developing an effective MC approach for the first time to investigate the heat 
transfer mechanisms in CNT multi-component systems; (ii) quantitatively studying 
the effect of all the influencing factors on the thermal transport properties of the 
systems; and (iii) obtaining some quantitative findings in different application 
systems. Those findings may benefit the fabrication of polymer composites with 
high Keff, and the optimization of cancer photothermal therapy using nanoparticles. 
With proper modifications of the geometry and thermal properties of the 
components in the system, the developed model may be applied to study the energy 
transport and conversion in other multiphase systems, such as CNT stabilized 
emulsions, polymer blends, nanofluids, and cancer photothermal therapy using 
metal nanoparticles. 
 
7.2 Suggestions for future work 
7.2.1 Model of the three-phase composites with randomly contacted CNTs 
Besides the SWNT bundles, CNTs, especially MWNTs, are highly possible to 
form random contacts during the fabrications of composites. The random contacts 




enhancement in the electrical and thermal conductivity of composites [65, 221, 222]. 
However, the heat transfer at CNT random contacts, which may significantly 
influence the thermal transport properties of composites, is ignored in this 
dissertation. The heat transfer at CNT random contacts may be quite different from 
that at CNT-polymer interfaces. Further work is needed to expand the model to 
incorporate the percolation networks of CNTs and the heat transfer at CNT random 
contacts in polymer composites. The future work may include: 
(i) Building the composite systems with randomly contacted CNTs. The 
configurations of random contacted CNTs, such as the number of contacts on a 
CNT and the distance between CNTs at a contact, should be described in computing 
codes.  
(ii) Describing the heat transfer at the CNT contacts. MD approaches may be 
applied to shed some light on the heat transfer at CNT contacts. The findings in MD 
approaches can be referred in MC to describe the motions of thermal walkers at 
CNT random contacts.   
7.2.2 Multi-scale models of cancer photothermal therapy   
In the present mesoscopic model of cancer photothermal therapy, only one 
cancer cell, and only the CNTs distributed on the cell surface, were taken into 
account. Moreover, the biological systems (water solution, the healthy tissue and 
the cancer cell) were assumed transparent to the NIR. In order to more accurately 
replicate the practical application systems, the further work may include: 
(i)  Improving the model with more cancer cells, and CNTs having various 
locations (inside the cell, outside the cell and on the cell).  This is because that 
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CNTs may be suspended in the healthy tissue or be endocytosed into cancer cells 
in the experiments.  
(ii) Modifying the model with accounting for the NIR absorptions of the 
biological systems. In the practical conditions, the biological systems are not 
absolutely transparent to the NIR.  
(iii) Combining the mesoscopic and macroscopic models for the clinical 
applications. Macroscopic approaches are required to predict the temperature 
profiles for future clinical applications. The existing macroscopic models cannot 
take into account the TBRs around nanoparticles and the orientations of 
nanoparticles, which were studied in the present mesoscopic models. The 
quantitative findings of the mesoscopic model can be applied to the macroscopic 
model to predict the temperature profiles in macro-scale space and time.  
(iv) Investigating the heat transfer from the CNTs to the surrounding mediums 
through MD approaches. In the present model, the heat transfer from the CNTs to 
the surrounding were governed by the TBRs, which may not accurately describe 
the heat transfer mechanisms from the CNTs to the surrounding. MD simulations 
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